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Motivation

Synchronous machines: Widely-used, compact and efficient actuators

www.bmw.de www.farmwood.co.uk www.abb.com (from video)

= traction drives (e.g. electric vehicles or trains)

= air conditioning/fans

= pumps

= conventional power plants (e.g. hydro power plants)

= renewable energy systems (e.g. direct-drive wind turbine systems)
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Motivation

Examples of anisotropic synchronous machines [1] with “saliency ratio” L‘fo #1

[ ]:Magnettorque [ ]: Reluctance torque

ine (2) PM/Rel Hybrid Machii

Increasing saliency

(3) Pure Reluctance
Machine

(1) Pure PM Maci

I [} mn v
Increasing magnet flux
Reluctance Torque Assisted PMSM PM Torque Assisted SynRM
Inset SPMSM IPMSM PMASynRM SynRM

Ey——— pUEE

Man (08, 38) = $mp [ Gpmil 4 (L = LD + L (02)” = (i2)?) |
— N

~
magnetic torque reluctance torque cross-coupling torque
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Motivation

Optimal feedforward torque control problem: Isotropic machine

! d - 3 .
My ref = M (Zsa Zg) =30Np wpmlg (: Zs,ref = m

-q 2mm,ref)
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Motivation

Optimal feedforward torque control problem: Anisotropic machine (with cross-coupling)

i/ A

Mot = M (12, 38) = 315 | Wpmid + (L8 = L)% + Lo m (GD)° - 62)?) |

—~
magnetic torque  reluctance torque cross-coupling torque
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Problem statement and proposed solution
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Problem statement and proposed solution

Optimal feedforward torque control problem: Optimal reference current generation

J Umax J tmax J “p 4

Z:>',ref
“* H ” I
mm,ref Optlmal
EE—— reference current .q
generation U ref
>
,idq f(m ; U D w ) — <7;g,ref(mm,refa amaxa/l\ma)u wp))
m,rer? max’ “max? - ~ ~
S P Zs,ref mm,refa Umaxs tmaxs wp)

v~ Numerical solutions and/or look-up tables
(but: limited storage, accuracy, real-time applicability)

? Analytical solutions (some do exist but impose simplifying assumptions

such as R, = 0, = of Lgn = 0)
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Problem statement and proposed solution

Considered anisotropic synchronous machines with iron losses [2]: Electrical circuit

dq
wyJ
R, F%’S
| |
o—> N
| I
.dq U
g 4
.d .aq
Zs,qu ZS,m
dq d .ndq
’U,S Rs,Fe E’l,bs
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Problem statement and proposed solution

Considered anisotropic synchronous machines with iron losses [2]: Modeling

=l =% =J =pd9(id%,)

d
Us
ug

dq
.dq dq _ dgq wpJ P ("s,m)JrM
2 - s m + ZS Fe — Zs m +

e RFe(wp)
.dq 2 lwp Jyp? (1<m)+7 =~
Plows = Poali®®) + pro(ih,wy) = BR[| + F Zinci

RFe( )
M (i50) = Snp (i65) " T2 (55)

wo (§) v) 3] (HER) +aomeeer

S

Assumption (Affine flux linkage (at least locally))

d
PI(id,) ~ [LL LLs;;n] 8%, + (wgm) with L2 = (L) " > 0
S, m s

d 2X2
=:L{%R**
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Problem statement and proposed solution

Optimal reference current generation: Optimization problem(s) with multiple constraints

P P
(]:(/Hl%l,\)
5 — max —f(i%7)  subject to
itles
4 19917 < T,
(current circular area)
<< 3 T(Tnm,ref)
im < (voltage elliptical area)
-d
2 |mm(lsq)| < |mm,ref|’ and
Slgn(mm,ref) =
1 sign (1, (i")).
-d -dq |12
; e.g. —f(i4%) = ~ i
5 4 3 2 1 o (minimize copper losses)

— % atk

s,re
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Problem statement and proposed solution

Proposed solution: Implicit formulation (quadrics), optimization and intersection points

Step 1: Derivation of quadrics Q 4 (%) := (429)" A% + 2a "4 + o

= Current circular area: (i8)* + (i7)? < o < 329> = (497) " 1,397 <72,

— H(’z\max):={i‘siqeR2‘( )Izgq—zmax <0}

= Voltage elliptical area: (ul)” + (ud)® < Ufay <= [[ul?(Gl% wp)|* = - < limax
= V(Wp, Umax) 1= { 107 € R? | (3¢9) V' (wp) 357 + 20(wp) 487 + v(wp, Timax) < O

= Reference torque hyperbola'

M (88%,) = 3y (829,) T T2 (68%) & My rer == ...

= T(Mmrer) i= { 127 € R* | (680 T4 + 24489 — 1y er = 0}
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Problem statement and proposed solution

Proposed solution: Implicit formulation (quadrics), optimization and intersection points

Step 2: Optimization problem with equality constraint

max; i — ( (9T A3% 4 2474% 4 %) st (G99 TBi% 1 26754 + g =0

=:Qa (559 =:Qp (i)

= Hyperbolas for e.9. MTPC, MTPL or MTPV (with R, Rg. # 0 & L ,,, # 0)

Step 3: Intersection of two quadrics (e.g. voltage ellipse and current circle)

i8¢ = argmingao { 397 € R | Qail") =0 A Qp(it") =0}
— Optimal operation point % (reference current)

Both lead to subproblem of solving a fourth-order (quartic) polynomial
XO) = X 4 s A+ e 2+ Ao =0
= Analytical solutions exist (e.g. Euler’s solution, see [3])
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Optimal operation strategies
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Optimal operation strategies

Maximum Torque per Current (MTPC @ 0 - w,,, g): Reference torque feasible

i/ A

I_l M 2 Optimal ion of ines — Part |
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Optimization problem

-
max—pcu( i) st
7, 9es

dg\T rpsd T .d
(37) Tig? + 2t zsi — My ot = 0

.d
:mm(”'sq)

Solution set
MTPC(w,) = { qu eR?|
(i dq)TM qu +2meil? = 0}

Optimal reference currents (%)
8 ref = MTPC n T(m My, rof)
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Optimal operation strategies

Maximum Torque per Losses (MTPL @ 1 - w,,, r): Reference torque feasible

Optimization problem

50 MTPL(w)
.d .d
maX pCu( sq) 7pFe(7’Sq) S't'
7. 9es
40
(@) T30 1+ 247587~y per = 0
< 30 )
?‘:{I]
Solution set

MTPL(w,) := { 1% € R? |
(29T My, 389 + 2mi i + py, = 0}

Optimal reference currents (%)
f = MTPL n T( mref)

ig/A sre
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Optimal operation strategies

Field Weakening (FW @ 1.40 - w,,, ): Reference torque feasible

[ [ [ .« 4 .
50 MTPLG N N WTPC(wy) o6 Optimization problem
Inax an( ) pbe( q) s.t.
1 9es
40
() T8 + 24757 —mpy rep = 0
< 30 =y, (45)
= Feasible set
20
IFW( My ref) Wp 7-"mauc) =
S(vaumaxv max) N T( My ref)
10
= V(W) Gmax) M I(Bma Optimal reference currents (%)
0
-50 —-40 =30 -20 -10 0 i, ref = OV (Wp, Umax) N (Mg ref)
-d
ig | A
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Optimal operation strategies

Maximum Current (MC @ 1.75 - w,,, r): Reference torque not feasible

50

HM®

MTPC(wy) - Lt

MTPL ()

—30

—20
il /A

Optimal

ion of —Partl
Prof. Dr.-Ing. habil. Chrlstoph M. Hackl

—10 0

Optimization problem

max m (329
dies

Feasible set

MC( Umaxs Zmax) =
V(wpv umax) N 81[( max)

Optimal current reference (% )
= &V(w umax) N a]l( max)

s ref
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Optimal operation strategies

Maximum Torque per Voltage (MTPV @ 2.50 - w,,, r): Reference torque not feasible

Optimization problem

max —[|u?(i¢)|? st
.dq
is €S

dg\T rpsd T .d
(357) Tig? + 2t zsti — My et = 0

~~

.d.
=mm(7’sq)

Solution set
MTPV (w,) := { i e R? |
(zgq)TM zgq + 2mvzgq + py =0]

Optimal reference currents (%)
= MTPV(w,) N 0V(wp, Umax)

s ref

il /A
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Optimal operation strategies

Field Weakening (FW @ 1.40 - w,,, ): lllustration of the effect of neglecting Ry, Ry, and/or L.,

T T
50 '
40
[ Rs —
< 30 ...... Lm —
va -~ === RFefw
20
= Reduced efficiency!
10 (and wrong torque and/or
possibly wrong operation
0 strategy)

| | | |
—50 —40 -30 -20 —10 O
i /A
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Analytical solution
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Analytical solution

Example: Analytical solution for intersection points of two quadrics

Problem

X:= {aceRQ‘ ' Az +2a'z+a=0 A mTBa:+2bTm+ﬂ=0}
=:Qa(x) =:Qp(x)

Solution: Relate both (e.g., if & # 0 and 3 # 0)

Qo) i= 482~ 258l 0T (& By ra(s ) e (2-5) =0
= =:d -

and note that

Qp(x):=x' (Dzx+2d)=0 — w*(A):—Z(D—)\J)_ld

IaJz
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Analytical solution

Example: Analytical solution for intersection points of two quadrics (cont'd)

then insert () in Q 4(x) (or Qp(x)), i.e.

Qa(x" (V) =
4d"(D-)\J) TA(D-\J) 'd—4a" (D-\J) 'd+a =0 ‘ [det(D-AJ)]?
| S —

ocr?

YN =g AN +es N + e X2t A+ =0

J

Analytical (real) solutions \* € {\;,...,\,} can be computed [3]:

!

—|z*(\)=—2(D-X\J) 'd
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Measurement results
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Measurement results

Laboratory setup

(Reluctance SM (RSM) and Permanent-magnet SM
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(Real-time system and VSls
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Measurement results

RSM: Nonlinear flux linkages and differential inductances
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Measurement results

RSM: Comparison of numerical and analytical solutions for MTPC

& ™m —— numerical —— analytical & Mm ——numerical —— analytical
& 80
kel
"3 60
e
5 40
I 20
<
E 0
%2 4 6 8 10 12 14 0 5 10 15 20 25 30
. .d
7‘g,lref /A ”ZSiefH IA
Cartesian coordinates polar coordinates
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Measurement results

RSM: Comparison of computational load

107
2 ‘ ‘ = — ‘ :
—— numerical ! —— numerical

® 150 —— analytical 04+ H —— analytical H
o [
£ ‘
5 &=
5 0.2 a
[}
(0]
x
[0}

0 Y O Ty VWO TOr O /N O VTSP IO TNy T N WYY WP Y YT 0 } | | |

0 0.2 04 0.6 0.8 1 0 10 20 30 40
run 108 execution time / pis

= Execution times for N = 10° runs (downsampled by factor 100)
= Standard deviations o, = 1,61 -10 °sand o, = 0,73-10 °s
= Average execution times y,, = 43,4-10 °s and yu, = 7,23 - 10" °s (>6x faster)
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Measurement results
PME-RSM: Implementation by colleagues (p,, r = 4,5 kW & Lg/Lg = 1.43) [4]

[ *  Measured current *  Optimal reference current ] l ———— Measured current *==+= ++++ Reference current

Current in dq plane
H |

i, [A]
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Measurement results

IPMSM (generator mode): Efficiency enhancements considering iron losses [5]

id/A
-3,5 -3 -2,5 -2 -1,5 -1 —0,5 0,

69
—10 Nm

—15 Nm / / -2 68,5
2onm )] <
—25Nm // // 17 > 68
:35 1\;/ / % e

v /1

n/ %
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Outline

B Conclusion
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Conclusion

Summary and future work

To take home
= unified theory for MTPC, MTPL, FW, MC and MTPV based on [6]

o quadrics (implicit formulation),
o optimization problems with equality constraint, and
o intersection of two quadrics

= analytical solution for reference currents (& transition points)

= Ry #0, Rp. # 0and L, # 0 (can all be considered simultaneously)

fast(er) and more accurate computation

applicable in real-world (e.g. nonlinear RSM, PME-RSM or IPMSM; also IMs)

Future work
= convergence (mathematical proof for nonlinear flux linkages)
= more extensive experimental validation
= impact of (parameter) uncertainties
= consideration of roforiron losses (e.g. for induction machines)
= combination with minimization of conduction and switching losses
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ABSTRACT

A unified theory for optimal feedforward torque control of anisotropic synchronous machines with
non-negligible stator resistance and mutual inductance is presented which allows to analytically com-
pute (1) the optimal direct and quadrature reference currents for all operating strategies, such as max-
imum torque per current (MTPC), maximum current, field weakening, maximum torque per voltage
(MTPV) or maximum torque per flux (MTPF), and (2) the transition points indicating when to switch
between the operating strategies due to speed, voltage or current constraints. The analytical solu-
tions allow for an (almost) instantaneous selection and computation of actual operation strategy
and corresponding reference currents. Numerical methods (approximating these solutions only) are
no longer required. The unified theory is based on one simple idea: all optimisation problems, their
respective constraints and the computation of the intersection point(s) of voltage ellipse, current cir-
cle or torque, MTPC, MTPV, MTPF hyperbolas are reformulated implicitly as quadrics which allows to
invoke the Lagrangian formalism and to find the roots of fourth-order polynomials analytically. The
proposed theory is suitable for any anisotropic synchronous machine. Implementation and measure-
ment results illustrate effectiveness and applicability of the theoretical findings in real world.
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6.9 Optimale Betriebsfiihrung von nichtlinearen SM (C. M. Hackl et al.) 1015

6.9 Optimale Betriebsfiihrung von nichtlinearen
Synchronmaschinen
C. M. Hackl, J. Kullick, N. Monzen

Der folgende Abschnitt basiert auf den Publikationen [HH16; Eld+16; EHK16;
Eld+17b; Hac+17; Eld+17a]. Darin wurde die erste allgemeine Theorie zur analy-
tischen Berechnung der optimalen (verlustminimierenden) Sollstréme fiir anisotro-
pe Synchronmaschinen mit konstanter Erregung vorgestellt. Die weithin verbrei-
teten und vereinfachenden Annahmen wie z. B. die Vernachldssigung des Stator-
widerstandes oder der magnetischen Kreuzkopplung konnten aufgehoben werden.
Zusiatzlich erlaubt die Theorie die Beriicksichtigung von Eisenverlusten und Nicht-
linearitéten in der Maschine, wie die Erweiterung!! in diesem Beitrag zeigen wird.
Es werden im Folgenden Motivation, Modellierung, Problemstellung, Idee der vor-
geschlagenen Losung, mathematische Grundlagen, Implementierungsaspekte und
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Appendix
m Motivation
m Implementation results
m Analytical solution for optimization problem
m Operation management and operation strategies
= Decision tree
m Maximum Torque per Flux (MTPF)
s Maximum Current (MC)
m lllustration of MTPC, FW and MTPV
m Neglecting stator resistance and/or mutual inductance
Roots of a fourth-order polynomial
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Motivation

Examples of anisotropic synchronous machines [1] with “saliency ratio” L‘fo #1

[ ]:Magnettorque [ ]: Reluctance torque

ine (2) PM/Rel Hybrid Machii

Increasing saliency

(3) Pure Reluctance
Machine

(1) Pure PM Maci

I [} mn v
Increasing magnet flux
Reluctance Torque Assisted PMSM PM Torque Assisted SynRM
Inset SPMSM IPMSM PMASynRM SynRM

Ey——— pUEE

Man (08, 38) = $mp [ Gpmil 4 (L = LD + L (02)” = (i2)?) |
— N

~
magnetic torque reluctance torque cross-coupling torque
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Implementation results

IPMSM: MTPC with non-negligible mutual inductance and nonlinear flux linkage

HM®

MWW T \'L
3 »
5 NS —
A2
AN g
4 -
< 3-
9 , L T -5 -
| —— T(1m re) (constant inductances)
| —— 0C(max) (current circle)
1 []| - - - MTPC (constant inductances)
------ MTPC (constant inductances; L,, = 0)
— MTPC (differential inductances) |
T I I I
-5 —4 -3 -2 -1
il /A
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Analytical solution

Example: Analytical solution for intersection points of two quadrics

Problem

X:= {aceRQ‘ ' Az +2a'z+a=0 A mTBa:+2bTm+ﬂ=0}
=:Qa(x) =:Qp(x)

Solution: Relate both (e.g., if & # 0 and 3 # 0)

Qo) i= 482~ 258l 0T (& By ra(s ) e (2-5) =0
= =:d -

and note that

Qp(x):=x' (Dzx+2d)=0 — w*(A):—Z(D—)\J)_ld

IaJz
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Analytical solution

Example: Analytical solution for intersection points of two quadrics (cont'd)

then insert () in Q 4(x) (or Qp(x)), i.e.

Qa(x" (V) =
4d"(D-)\J) TA(D-\J) 'd—4a" (D-\J) 'd+a =0 ‘ [det(D-AJ)]?
| S —

ocr?

YN =g AN +es N + e X2t A+ =0

J

Analytical (real) solutions \* € {\;,...,\,} can be computed [3]:

!

—|z*(\)=—2(D-X\J) 'd
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Analytical solution

Example: Analytical solution for optimization problem with quadrics

Problem

Max,aq —( (52T 4397 1 24732 + a> st (49 TBi + 273 4 g =0

=:Qa (i) =:Qp (i)
= Hyperbolas for MTPC, MTPV and MPTF (with R, # 0 & L, ,,, # 0!)

Lagrangian with Lagrangian multiplier A € C

£(329,2) 1= —Q 4 (65 + X Qp (39

Gradient (necessary conditions)

T
ds(isdq”\) .d .d
dq PTG | —2A4 " — 2a + \(2Big? +2b)\ |
ge(dsh, A)i=] \da® ™ = 03 dq\ T .d T.d = 0s.
ds(ifq,x) (zsq) B’qu + 2b qu + 5

.dq
d>\2(15 JA)
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Analytical solution

Example: Analytical solution for optimization problem with quadrics (cont'd)

Hessian (sufficient conditions)

.d
H£(25q7)\) = d(li,k) (d(”]

3 M () 2Bi + 2b

- — H(i% N7 <0
[(QBigq+2b)T 0 ] 2@’ A) " <

I_l M e Optimal ion of sy ines — Part |
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Operation management and operation strategies

Decision tree (transition between operation strategies)

Eingangsgrofen
Bda  da “lq j1<1 Zd

o —
o Dy, Gy Uy Recu R s M ety Tnaxs Uamacs Mannax

‘ Begrenzung des Referenzdrehmoments ‘

Mt = Sty (Mg rer)

Berechnung von Kenngrofien
T, ¢ T(Minget); V, 0, Plinax), L, LT, -

Nein

Ja
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Operation management and operation strategies

Maximum Torque per Flux (MTPF): Reference torque not feasible

. O(Trae) Optimization problem
Inax—llv,b‘jlq( DI st
'L 9es
! (39 T8 + 24747~y rop = 0
(1M ref) = ()

id /A
w

q
s

Solution set
MTPF := { i{’ e R® |
(589" Mg 429 + 2mpsd® + pp = 0}

i
[\]
I~

»

Optimal current reference (% )
= MTPF N 0V(wp, tmax)

sref -
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Operation management and operation strategies

Maximum Current (MC): Reference torque not feasible

Optimization problem
max m (399

'LES

Feasible set

MC( maxv/z\max) =
V(w umax) N 81[( max)

p?

Optimal current reference (% )
= OV (wp, Umax) N OL(max)

s ref
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Prof. Dr.-Ing. habil. Chrlstoph M. Hackl 914



Operation management and operation strategies
lllustration of MTPC (wy, = wy, ), FW () = 2w, r) and MTPV (w5 = 3w, )

—— reference torque (hyperbola)
—— current constraint (circle)
voltage constraint (ellipse)
—— MTPC hyperbola
—— MTPV hyperbola
MTPF hyperbola
% optimal operation point 5%

s, ref
Remark:

lim, my, o MTPV(w,,) = MTPF
or MTPV (w wy)|r,—o = MTPF
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Operation management and operation strategies

lllustration of the effect of neglecting R, and/or Ly ,,

---- R,=0(and L, #0)
=== Lym =0 (and R, # 0)
...... RS =0 and Ls,m =0

/A

id

= Reduced efficiency!
(and wrong torque and/or
possibly wrong operation
strategies)
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Roots of a fourth-order polynomial

Euler’s solution [3]

Problem: Find roots of
X(}\) = C4)\4+C3)\3 +C2)\2 +Cl)\+00 ; 0

Solution:
Step 1: Transform x () to depressed polynomial x 4., ()

Xaep(¥) = 4" +py® +qy+7r=0 (where :=y— £=)

ey

with coefficients

H M e Optimal ion of sy ines — Part |
Prof. Dr.-Ing. habil. Christoph M. Hackl

12/14



Roots of a fourth-order polynomial

Euler’s solution [3] (cont'd)

Step 2: Find roots 27, 23, 25 € C of Euler’s resolvent cubic polynomial

Xres(2) 1= 24+ 2 2+ (p2 —4r) z ¢ =0
~—— S——

——
=:dy =:d; =:dy
by defining
Go— i ds d 7o didy=3dy _ d
s1:=AIT+A/C+7  and sy = AT —4/G + 7

Roots of resolvent are then given by

day

d
z1 = (s1+s) —F and Z§,3=*%(51+52)*§2iJ§(

H M e Optimal ion of syr ines — Part |
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Roots of a fourth-order polynomial

Euler’s solution [3] (cont'd)

Step 3: With the roots 27, 23, 25 € C of x,.s(2), the roots A\],..., A} € C of the
fourth-order polynomial x(\) are given by

Al = %( Va5 + z§) &=,
N o= G VEA-VE-VE)- &,
N = (‘”l( VA V- VE) -
5 = (- yE-yE+VE) -,

where [ € {0, 1} must be chosen such that [3]

m

(1) (ATASAS + ATASAG + ATASAS + ASA3MD) = —q.
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