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Introduction
Motivation: The future low-inertia power system—A likely guess [1]

‚ more distributed generation /

renewable energy systems

‚ diminishing mechanical inertia

‚ hybrid grid and transmission

topologies (e.g. AC & DC)

‚ more unbalanced faults

(ą 75% of faults already today)

‚ more loosely-coupled &

unbalanced micro-grids

‚ more power electronics
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(ą 75% of faults already today)

‚ more loosely-coupled &

unbalanced micro-grids

‚ more power electronics

ùñ Faster dynamics/transients, more harmonics & weaker overall grid!

ùñ Grid state estimation in real time crucial

ùñ ... for balancing, harmonics suppression, frequency/voltage support!
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Introduction
Problem statement

For measured grid signal (voltage, current or power), given by

yptq :“ a0̀

ÿ

νPHn

aνptq cos
`
φνptq

˘
looooooooomooooooooon

“:yνptq

where

"
Hn :“ t1, ν2, . . . , νnu Ă Qą0

φνptq :“
şt
0
νωpτqdτ ` φν,0,

(1)

the main goals are
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νPHn

paνptq cos
`pφνptq

˘
looooooooomooooooooon

“:pyνptq

; (2)

(ii) amplitude estimation, i.e. pa0 Ñ a0 and paν Ñ aν for all ν P Hn ; and

(iii) frequency and angle estimation, i.e. pω Ñ ω and pφν Ñ φν for all ν P Hn .
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Introduction
Proposed solution: Nonlinear observer consisting of ...

parallelized IMs with feedback

y
Σ DCI

ey

1-st mSOGI

ν2-th mSOGI

...

νn-th mSOGI

c
J
y px

px0

pxν1

pxν2

pxνn

px

´

py

mFLL

pω

‚ DC-integrator (DCI) for

DC offset estimation

‚ modified Second-Order-

Generalized-Integrators

(mSOGIs) for harmonics

estimation

‚ modified

frequency-locked loop

(mFLL) for frequency

estimation
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Internal model principle
Motivation

Walter M. Wonham (1985):

“Every good regulator [or observer] must incorporate a model of the outside

world being capable to reduplicate the dynamic structure of the exogenous

signals which the regulator [or observer] is required to process.” [2]
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Internal model principle
Constant signal reduplication

constant IM (with initial value)

x0,0 “ a0 IMdc
x0
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Internal model principle
Constant signal reduplication

constant IM (with initial value)

x0,0 “ a0 IMdc
x0

a0

time t / s

y0 “ x0

d
dt
x0 “ 0, x0p0q “ x0,0

y0 “ x0
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Internal model principle
Example: Sinusoidal signal reduplication of the ν-th harmonic where ν P Hn

sinusoidal IM (with initial values)

xν,0 “ aν

ˆ
cospφν,0q
sinpφν,0q

˙
ν-th IMsin xν “

ˆ
x
α
ν

x
β
ν

˙
ω
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sinusoidal IM (with initial values)
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ˆ
cospφν,0q
sinpφν,0q

˙
ν-th IMsin xν “

ˆ
x
α
ν

x
β
ν

˙
ω

´aν

aν

time t / s

yν “ x
α
ν x

β
ν

d
dt
xν “ ωptq

„
0 ´ν

ν 0


xν , xνp0q “ xν,0

yν “
`
1, 0

˘
xν
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Internal model principle
Overall signal reduplication by parallelization of IMs

parallelized IMs (with initial values)

a0 IMdc

1-st IMsina1

ˆ
cospφ1,0q
sinpφ1,0q

˙

ν2-th IMsinaν2

ˆ
cospφν2,0

q
sinpφν2,0

q

˙

...
...

νn-th IMsinaνn

ˆ
cospφνn,0

q
sinpφνn,0

q

˙

x
c

J
y x

y

x0

x1

xν2

xνn

ω
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Internal model principle
Dynamics of parallelized IMs

d
dt

“:xPR
2n`1hkkkkikkkkj

¨
˚̊
˚̊
˚̊
˚̋

x0ˆ
x
α
1

x
β
1

˙

˜
x
α
ν
2

x
β
ν
2

¸

...˜
x
α
νn

x
β
νn

¸

˛
‹‹‹‹‹‹‹‚

“ ωptq

“:APR
p2n`1qˆp2n`1qhkkkkkkkkkkkkkkkkkkkkkkkkkkkkikkkkkkkkkkkkkkkkkkkkkkkkkkkkj»

——————–

0 „
0 ´1

1 0



ν2

„
0 ´1

1 0



. . .

νn

„
0 ´1

1 0



fi
ffiffiffiffiffiffifl
x, xp0q “ x0

y “
`
1, p1, 0q, p1, 0q, . . . p1, 0q

˘
looooooooooooooooooooooooomooooooooooooooooooooooooon

“:c
J
y PR

1ˆp2n`1q

x
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x

ùñ Observation problem of an observable system ùñ Observer design
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Overall observer and pole placement

Modified Second-order generalized integrators (mSOGIs)

Overall observer structure
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Observer design
Overall observer and pole placement: parallelized internal models with feedback

For J :“
“
0 ´1

1 0

‰
and lν :“ ν

`
kν
gν

˘
, define the observer dynamics

d
dt

“:pxPR
2n`1hkkikkj¨

˚̊
˝

px0

px1

pxν
2

...
pxνn

˛
‹‹‚ “ pωptq

“A´lc
J
y “:Hhkkkkkkkkkkkkkkkkkkkkkkikkkkkkkkkkkkkkkkkkkkkkj

»
—————–

»
————–

0

J

ν2J

. . .

νnJ

fi
ffiffiffiffifl

´

¨
˚̊
˚̊
˚̋

l0
l1
lν

2

...
lνn

˛
‹‹‹‹‹‚
c

J
y

fi
ffiffiffiffiffifl

px´pωptql y, pxp0q “ px0

py “
`
1, p1, 0q, p1, 0q, . . . p1, 0q

˘
looooooooooooooooooooooooomooooooooooooooooooooooooon

“:c
J
y PR

1ˆp2n`1q

px
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J
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‚ Recall: pcJ
y ,Aq observable ùñ Dl P R

2n`1
: H :“ A ´ lc

J
y Hurwitz!
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‚ Recall: pcJ
y ,Aq observable ùñ Dl P R
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J
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‚ Pole placement: l “ Sp
˚
H ùñ s

˚
0 “ ´p

˚
0 ^ @ν P Hn : s

˚
ν,1{2 “ ´p

˚
ν ˘ ν
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Overall observer and pole placement

Modified Second-order generalized integrators (mSOGIs)
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Observer design
Standard SOGI (sSOGI) for ν-th harmonic estimation: ν-th IMsin with feedback

d
dt

pxνptq “ pωptq

“:Aν´lνpkνqc
J
yhkkkkkkkkikkkkkkkkj„

´νkν ´ν

ν 0


pxνptq`pωptq

“:lνpkνqhkkikkjˆ
νkν
0

˙
yνptq, pxνp0q “ pxν,0

pyνptq “ c
J
ν pxνptq
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Observer design
Modified SOGI (mSOGI) for ν-th harmonic estimation: ν-th IMsin with extended feedback

d
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Observer design
Modified SOGI (mSOGI) for ν-th harmonic estimation: ν-th IMsin with extended feedback

ν-th mSOGI [ν-th sSOGI for gν “ 0]

yν
Σ kν

gν

eyν

Σ ˆ

ş
Σ

´
ˆ

pω
ν

ş pxβ
ν “ pqν

pxα
ν “ pyν

´

¨

¨

d
dt

pxνptq “ pωptq

“:Aν´lνpkν ,gνqc
J
yhkkkkkkkkikkkkkkkkj„

´νkν ´ν

ν´νgν 0


pxνptq`pωptq

“:lνpkν ,gνqhkkikkjˆ
νkν
νgν

˙
yνptq, pxνp0q “ pxν,0

pyνptq “ c
J
ν pxνptq
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Observer design
Comparison of root loci of ν-th sSOGI and mSOGI

unstable

´2νpω ´νpω νpω 2νpω

´ν pw

`ν pw
pν,1pkν “ 2q

pν,2pkν “ 2q

pν,1pkν “ 0q

pν,2pkν “ 0q

ℜppq

ℑppq ν-th sSOGI

ν-th mSOGI

sSOGI mSOGI (for gν “ ´k
2

ν

4
)

pν,1{2 “ ´ν pωkν

2

´
1 ˘

b
1 ´ 4

k
2

ν

¯
pν,1{2 “ ´ν pωkν

2
˘ νpω .
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Observer design
Overall observer structure

parallelized IMs with feedback

y
Σ DCI
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y px
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Implementation
Laboratory setup: (A) Grid emulator, (B) Host-PC and (C) Real-time system

A

B

C

A/D

LAN
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Implementation
Measurements w/o FLL (ν “ 1): mSOGI, mSOGIfast, sSOGI & ANF
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Implementation
Measurements with FLL (ν “ 1): mSOGI, mSOGIfast, sSOGI & ANF
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Implementation
Measurements w/o FLL (ν “ 10): mSOGI, sSOGI & ANF
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Implementation
Measurements w/o FLL (ν “ 10): eν “ yν ´ pyν for mSOGI, sSOGI & ANF
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Implementation
Measurements with FLL (ν “ 10): mSOGI, sSOGI & ANF
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Implementation
Measurements with FLL (ν “ 10): eν “ yν ´ pyν for mSOGI, sSOGI & ANF
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possible)

Future work

‚ Frequency Locked-Loop weakest component ùñ further improvement

‚ Reduction of noise sensitivity ùñ (extended) Kalman filter design or

pre-filtering?

‚ three-phase implementation, validation and test in laboratory
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Outline II

Frequency estimation
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Internal model principle
Motivation

Walter M. Wonham (1985):

“Every good regulator [or observer] must incorporate a model of the outside

world being capable to reduplicate the dynamic structure of the exogenous

signals which the regulator [or observer] is required to process.” [2]
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Internal model principle
Constant signal reduplication

constant IM (with initial value)

x0,0 “ a0 IMdc
x0
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Internal model principle
Constant signal reduplication

constant IM (with initial value)

x0,0 “ a0 IMdc
x0

a0

time t / s

y0 “ x0

d
dt
x0 “ 0, x0p0q “ x0,0

y0 “ x0
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Internal model principle
Sinusoidal signal reduplication of the ν-th harmonic where ν P Hn

sinusoidal IM (with initial values)

xν,0 “ aν

ˆ
cospφν,0q
sinpφν,0q

˙
ν-th IMsin xν “

ˆ
x
α
ν

x
β
ν

˙
ω
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sinusoidal IM (with initial values)

xν,0 “ aν

ˆ
cospφν,0q
sinpφν,0q

˙
ν-th IMsin xν “

ˆ
x
α
ν

x
β
ν

˙
ω

´aν

aν

time t / s

yν “ x
α
ν x

β
ν

d
dt
xν “ ωptq

„
0 ´ν

ν 0


xν , xνp0q “ xν,0

yν “
`
1, 0

˘
xν
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Internal model principle
Overall signal reduplication by parallelization of IMs

parallelized IMs (with initial values)

a0 IMdc

1-st IMsina1

ˆ
cospφ1,0q
sinpφ1,0q

˙

ν2-th IMsinaν2

ˆ
cospφν2,0

q
sinpφν2,0

q

˙

...
...

νn-th IMsinaνn

ˆ
cospφνn,0

q
sinpφνn,0

q

˙

x
c

J
y x

y

x0

x1

xν2

xνn

ω
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Internal model principle
Dynamics of parallelized IMs

d
dt

“:xPR
2n`1hkkkkikkkkj

¨
˚̊
˚̊
˚̊
˚̋

x0ˆ
x
α
1

x
β
1

˙

˜
x
α
ν
2

x
β
ν
2

¸

...˜
x
α
νn

x
β
νn

¸

˛
‹‹‹‹‹‹‹‚

“ ωptq

“:APR
p2n`1qˆp2n`1qhkkkkkkkkkkkkkkkkkkkkkkkkkkkkikkkkkkkkkkkkkkkkkkkkkkkkkkkkj»

——————–

0 „
0 ´1

1 0



ν2

„
0 ´1

1 0



. . .

νn

„
0 ´1

1 0



fi
ffiffiffiffiffiffifl
x, xp0q “ x0

y “
`
1, p1, 0q, p1, 0q, . . . p1, 0q

˘
looooooooooooooooooooooooomooooooooooooooooooooooooon

“:c
J
y PR

1ˆp2n`1q

x
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Internal model principle
Dynamics of parallelized IMs

d
dt

“:xPR
2n`1hkkkkikkkkj

¨
˚̊
˚̊
˚̊
˚̋

x0ˆ
x
α
1

x
β
1

˙

˜
x
α
ν
2

x
β
ν
2

¸

...˜
x
α
νn

x
β
νn

¸

˛
‹‹‹‹‹‹‹‚

“ ωptq

“:APR
p2n`1qˆp2n`1qhkkkkkkkkkkkkkkkkkkkkkkkkkkkkikkkkkkkkkkkkkkkkkkkkkkkkkkkkj»

——————–

0 „
0 ´1

1 0



ν2

„
0 ´1

1 0



. . .

νn

„
0 ´1

1 0



fi
ffiffiffiffiffiffifl
x, xp0q “ x0

y “
`
1, p1, 0q, p1, 0q, . . . p1, 0q

˘
looooooooooooooooooooooooomooooooooooooooooooooooooon

“:c
J
y PR

1ˆp2n`1q

x

ùñ Observation problem of a dynamical system ... if observable!
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Internal model principle
Observability of parallelized IMs (for constant ω ą 0)

rank

»
———————–

c
J
y

c
J
y A

c
J
y A

2

c
J
y A

3

c
J
y A

4

.

.

.

c
J
y A

2n´1

c
J
y A

2n

fi
ffiffiffiffiffiffiffifl

“
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Internal model principle
Observability of parallelized IMs (for constant ω ą 0)

rank

»
———————–

c
J
y

c
J
y A

c
J
y A

2

c
J
y A

3

c
J
y A

4

.

.

.

c
J
y A

2n´1

c
J
y A

2n

fi
ffiffiffiffiffiffiffifl

“

rank

»
—————–

1 1 0 1 0 ¨ ¨ ¨ 1 0

0 0 ´1 0 ´ν
2

¨ ¨ ¨ 0 ´νn

0 ´1 0 ´ν
2

2
0 ¨ ¨ ¨ ´ν

2

n 0

0 0 1 0 ν
3

2
¨ ¨ ¨ 0 ν

3

n

0 1 0 ν
4

2
0 ¨ ¨ ¨ ν

4

n 0

0

.

.

.
.
.
.

.

.

.

0 0 p´1qn 0 p´1qnν
2n´1

2
¨ ¨ ¨ 0 p´1qnν

2n´1

n

0 p´1qn 0 p´1qnν
2n
2

0 ¨ ¨ ¨ p´1qnν
2n
n 0

fi
ffiffiffiffiffifl
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Internal model principle
Observability of parallelized IMs (for constant ω ą 0)

rank

»
———————–

c
J
y

c
J
y A

c
J
y A

2

c
J
y A

3

c
J
y A

4

.

.

.

c
J
y A

2n´1

c
J
y A

2n

fi
ffiffiffiffiffiffiffifl

“

rank

»
—————–

1 1 0 1 0 ¨ ¨ ¨ 1 0

0 0 ´1 0 ´ν
2

¨ ¨ ¨ 0 ´νn

0 ´1 0 ´ν
2

2
0 ¨ ¨ ¨ ´ν

2

n 0

0 0 1 0 ν
3

2
¨ ¨ ¨ 0 ν

3

n

0 1 0 ν
4

2
0 ¨ ¨ ¨ ν

4

n 0

0

.

.

.
.
.
.

.

.

.

0 0 p´1qn 0 p´1qnν
2n´1

2
¨ ¨ ¨ 0 p´1qnν

2n´1

n

0 p´1qn 0 p´1qnν
2n
2

0 ¨ ¨ ¨ p´1qnν
2n
n 0

fi
ffiffiffiffiffifl

“ 2n ` 1 ðù νi ‰ νj for all i, j P t1, . . . , nu
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Internal model principle
Observability of linear time-varying systems [3, 9.10 Theorem]

Theorem (Observability of linear time-varying systems)

For n, p, q P N, let Ap¨q P Cq´1prt0, t1s;Rnˆnq, Cp¨q P Cqprt0, t1s;Rpˆnq and

d
dt
x “ Aptqx, xp0q “ x0

y “ Cptqx.

*
(3)

and define

L0 :“ Cptq and @j P t0, 1, 2, . . . u : Lj :“ Lj´1Aptq ` d
dt
Lj´1ptq.

Then, system (3) is observable on rt0, t1s Ă Rě0 if, for some τ P rt0, t1s,

rank

»
———–

L0pτq
L1pτq

...

Lqpτq

fi
ffiffiffifl “ n.
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Outline II
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Observer design
Overall observer structure

parallelized IMs with feedback

y
Σ DCI

ey

1-st mSOGI

ν2-th mSOGI

...

νn-th mSOGI

c
J
y px

px0

pxν1

pxν2

pxνn

px

´

py

mFLL

pω

10.02.2020
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Observer design
DC-Integrator (DCI) for constant signal estimation: IMdc with feedback

d
dt

px0 “ 0 px0 , px0p0q “ 0

py0 “ px0
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Observer design
DC-Integrator (DCI) for constant signal estimation: IMdc with feedback

d
dt

px0 “ ´pωptql0 px0`pωptql0y0, px0p0q “ 0

py0 “ px0
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Observer design
DC-Integrator (DCI) for constant signal estimation: IMdc with feedback

DCI

y0
Σ l0

ey0

ˆ

ş´

pω

px0 “ py0

d
dt

px0 “ ´pωptql0 px0`pωptql0y0, px0p0q “ 0

py0 “ px0
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Observer design
Standard SOGI (sSOGI) for ν-th harmonic estimation: ν-th IMsin with feedback

d
dt

“:pxνptqPR
2hkkkikkkjˆpxα

ν ptq

pxβ
ν ptq

˙
“ pωptq

“:Aνhkkkkkkkikkkkkkkj„
0 ´ν

ν 0


pxνptq , pxνp0q “ pxν,0

pyνptq “
`
1, 0

˘
loomoon

“:c
J
ν PR

1ˆ2

pxνptq
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d
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pxβ
ν ptq

˙
“ pωptq

“:Aν´lνpkνqc
J
yhkkkkkkkikkkkkkkj„

´νkν ´ν

ν 0


pxνptq`pωptq

“:lνpkνqhkkikkjˆ
νkν
0
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yνptq, pxνp0q “ pxν,0
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Observer design
Standard SOGI (sSOGI) for ν-th harmonic estimation: ν-th IMsin with feedback

ν-th standard SOGI (sSOGI)

yν
Σ kν

eyν

Σ ˆ

ş´
ˆ

pω
ν

ş pxβ
ν “ pqν

pxα
ν “ pyν

´

d
dt

“:pxνptqPR
2hkkkikkkjˆpxα

ν ptq

pxβ
ν ptq

˙
“ pωptq

“:Aν´lνpkνqc
J
yhkkkkkkkikkkkkkkj„

´νkν ´ν

ν 0


pxνptq`pωptq
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νkν
0

˙
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`
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˘
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“:c
J
ν PR
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Observer design
Modified SOGI (mSOGI) for ν-th harmonic estimation: ν-th IMsin with extended feedback

d
dt

pxνptq “ pωptq

“:Aν´lνpkνqc
J
yhkkkkkkkkikkkkkkkkj„

´νkν ´ν

ν 0


pxνptq`pωptq

“:lνpkνqhkkikkjˆ
νkν
0

˙
yνptq, pxνp0q “ pxν,0

pyνptq “ c
J
ν pxνptq
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Observer design
Modified SOGI (mSOGI) for ν-th harmonic estimation: ν-th IMsin with extended feedback

d
dt

pxνptq “ pωptq

“:Aν´lνpkν ,gνqc
J
yhkkkkkkkkikkkkkkkkj„

´νkν ´ν

ν´νgν 0


pxνptq`pωptq

“:lνpkν ,gνqhkkikkjˆ
νkν
νgν

˙
yνptq, pxνp0q “ pxν,0

pyνptq “ c
J
ν pxνptq
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Observer design
Modified SOGI (mSOGI) for ν-th harmonic estimation: ν-th IMsin with extended feedback

ν-th modified SOGI (mSOGI)

yν
Σ kν

gν

eyν

Σ ˆ

ş
Σ

´
ˆ

pω
ν

ş pxβ
ν “ pqν

pxα
ν “ pyν

´

¨

¨

d
dt

pxνptq “ pωptq

“:Aν´lνpkν ,gνqc
J
yhkkkkkkkkikkkkkkkkj„

´νkν ´ν

ν´νgν 0


pxνptq`pωptq

“:lνpkν ,gνqhkkikkjˆ
νkν
νgν

˙
yνptq, pxνp0q “ pxν,0

pyνptq “ c
J
ν pxνptq
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Observer design
Comparison of root loci of ν-th sSOGI and mSOGI

unstable

´2νpω ´νpω νpω 2νpω

´ν pw

`ν pw
pν,1pkν “ 2q

pν,2pkν “ 2q

pν,1pkν “ 0q

pν,2pkν “ 0q

ℜppq

ℑppq ν-th sSOGI

ν-th mSOGI

sSOGI mSOGI (for gν “ ´k
2

ν

4
)

pν,1{2 “ ´ν pωkν

2

´
1 ˘

b
1 ´ 4

k
2

ν

¯
pν,1{2 “ ´ν pωkν

2
˘ νpω .
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Observer design
Estimation performances of mSOGI and sSOGI for different k1 P t0.5, 1, 2, 10u
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Observer design
Pole placement

parallelized IMs with feedback

y
Σ DCI

ey

1-st SOGI

ν2-th SOGI

...

νn-th SOGI

c
J
y px

px0

pxν1

pxν2

pxνn

px

´

py

FLL

pω
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Observer design
Pole placement: parallelized internal models with feedback

For J :“
“
0 ´1

1 0

‰
and lν :“ ν

`
kν
gν

˘
, define the observer dynamics

d
dt

“:pxPR
2n`1hkkikkj¨

˚̊
˝

px0

px1

pxν
2

...
pxνn

˛
‹‹‚ “ pωptq

“A´lc
J
y “:Hhkkkkkkkkkkkkkkkkkkkkkkikkkkkkkkkkkkkkkkkkkkkkj

»
—————–

»
————–

0

J

ν2J

. . .

νnJ

fi
ffiffiffiffifl

´

¨
˚̊
˚̊
˚̋

l0
l1
lν

2

...
lνn

˛
‹‹‹‹‹‚
c

J
y

fi
ffiffiffiffiffifl

px´pωptql y, pxp0q “ px0

py “
`
1, p1, 0q, p1, 0q, . . . p1, 0q

˘
looooooooooooooooooooooooomooooooooooooooooooooooooon

“:c
J
y PR

1ˆp2n`1q

px
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Observer design
Pole placement: parallelized internal models with feedback

For J :“
“
0 ´1

1 0

‰
and lν :“ ν

`
kν
gν

˘
, define the observer dynamics

d
dt

“:pxPR
2n`1hkkikkj¨

˚̊
˝

px0

px1

pxν
2

...
pxνn

˛
‹‹‚ “ pωptq

“A´lc
J
y “:Hhkkkkkkkkkkkkkkkkkkkkkkikkkkkkkkkkkkkkkkkkkkkkj

»
—————–

»
————–

0

J

ν2J

. . .

νnJ

fi
ffiffiffiffifl

´

¨
˚̊
˚̊
˚̋

l0
l1
lν

2

...
lνn

˛
‹‹‹‹‹‚
c

J
y

fi
ffiffiffiffiffifl

px´pωptql y, pxp0q “ px0

py “
`
1, p1, 0q, p1, 0q, . . . p1, 0q

˘
looooooooooooooooooooooooomooooooooooooooooooooooooon

“:c
J
y PR

1ˆp2n`1q

px

‚ Recall: pcJ
y ,Aq observable ùñ Dl P R

2n`1
: H :“ A ´ lc

J
y Hurwitz!
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Observer design
Pole placement: parallelized internal models with feedback

For J :“
“
0 ´1

1 0

‰
and lν :“ ν

`
kν
gν

˘
, define the observer dynamics

d
dt

“:pxPR
2n`1hkkikkj¨

˚̊
˝

px0

px1

pxν
2

...
pxνn

˛
‹‹‚ “ pωptq

“A´lc
J
y “:Hhkkkkkkkkkkkkkkkkkkkkkkikkkkkkkkkkkkkkkkkkkkkkj

»
—————–

»
————–

0

J

ν2J

. . .

νnJ

fi
ffiffiffiffifl

´

¨
˚̊
˚̊
˚̋

l0
l1
lν

2

...
lνn

˛
‹‹‹‹‹‚
c

J
y

fi
ffiffiffiffiffifl

px´pωptql y, pxp0q “ px0

py “
`
1, p1, 0q, p1, 0q, . . . p1, 0q

˘
looooooooooooooooooooooooomooooooooooooooooooooooooon

“:c
J
y PR

1ˆp2n`1q

px

‚ Recall: pcJ
y ,Aq observable ùñ Dl P R

2n`1
: H :“ A ´ lc

J
y Hurwitz!

‚ Pole placement: l “ Sp
˚
H ùñ s

˚
0 “ ´p

˚
0 ^ @ν P Hn : s

˚
ν,1{2 “ ´p

˚
ν ˘ ν
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Observer design
Pole placement

A comparison with the desired polynomial χ
˚
H :“

ś2n
i“1ps ´ s

˚
i q, having the

coefficient vector

p
˚
H :“

´
´

2nÿ

i“1

s
˚
i ,

2nÿ

i“1

s
˚
i

2nÿ

j“i`1

s
˚
j , ´

2nÿ

i“1

s
˚
i

2nÿ

j“i`1

s
˚
j

2nÿ

k“j`1

s
˚
k , . . . ,

2nź

i“1

s
˚
i

¯J

,

leads, with R
´1
i :“

„
1 0

0 ´νi.


, to

p
˚
H ´

¨
˚̊
˚̊
˚̊
˚̊
˚̋

0
nř

i“1

ν
2
i

...

0
nś

i“1

ν
2
i

˛
‹‹‹‹‹‹‹‹‹‚

“

»
—————————–

R
´1
1 R

´1
2 . . . R

´1
n

nř
i“1
i‰1

ν
2
i R

´1
1

nř
i“1
i‰2

ν
2
i R

´1
2 ¨ ¨ ¨

nř
i“1
i‰n

ν
2
i R

´1
n

...
...

. . .
...

nś
i“1
i‰1

ν
2
i R

´1
1

nś
i“1
i‰2

ν
2
i R

´1
2 ¨ ¨ ¨

nś
i“1
i‰n

ν
2
i R

´1
n

fi
ffiffiffiffiffiffiffiffiffifl

looooooooooooooooooooooooooooomooooooooooooooooooooooooooooon
“:S

´1

l, (4)
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Observer design
Pole placement (continued)

l “

»
——————————————–

ν
2pn´1q
1

nś
i“1
i‰1

pν
2

1´ν
2

i q
R1 ´

ν
2pn´2q
1

nś
i“1
i‰1

pν
2

1´ν
2

i q
R1 ¨ ¨ ¨ p´1q

n`1

nś
i“1
i‰1

pν
2

1´ν
2

i q
R1

ν
2pn´1q
2

nś
i“1
i‰2

pν
2

2´ν
2

i q
R2 ´

ν
2pn´2q
2

nś
i“1
i‰2

pν
2

2´ν
2

i q
R2 ¨ ¨ ¨ p´1q

n`1

nś
i“1
i‰2

pν
2

2´ν
2

i q
R2

...
...

. . .
...

ν
2pn´1q
n

nś
i“1
i‰n

pν
2

n´ν
2

i q
Rn ´ ν

2pn´2q
n

nś
i“1
i‰n

pν
2

n´ν
2

i q
Rn ¨ ¨ ¨ p´1q

n`1

nś
i“1
i‰n

pν
2

n´ν
2

i q
Rn

fi
ffiffiffiffiffiffiffiffiffiffiffiffiffiffifl

loooooooooooooooooooooooooooooooooooooomoooooooooooooooooooooooooooooooooooooon
“:S

¨
˚̊
˚̊
˚̊
˚̊
˚̋
p

˚
H ´

¨
˚̊
˚̊
˚̊
˚̊
˚̋

0
nř

i“1

ν
2
i

...

0
nś

i“1

ν
2
i

˛
‹‹‹‹‹‹‹‹‹‚

˛
‹‹‹‹‹‹‹‹‹‚

looooooooooomooooooooooon
“: rp˚

H

.

Clearly, if and only if p
˚
H “ pH holds, the eigenvalues of H “ A ´ lc

J
y are

given by s
˚
i P Că0, i P t1, . . . , 2nu and H is a Hurwitz matrix.

10.02.2020

C.M. Hackl, “Grid state estimation of arbitrarily distorted grids” 19/66



Observer design
Stability analysis for ωp¨q P C

pw X L
8pRě0;Rěεq and pωp¨q P C

1 X L
8pRě0;Rěεq

‚ Error dynamics ex :“ x ´ px and eω :“ ω ´ pω ùñ d

dt
ex “ fpex, eω, . . . q
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Observer design
Stability analysis for ωp¨q P C

pw X L
8pRě0;Rěεq and pωp¨q P C

1 X L
8pRě0;Rěεq

‚ Error dynamics ex :“ x ´ px and eω :“ ω ´ pω ùñ d

dt
ex “ fpex, eω, . . . q

‚ Lyapunov candidate V pexq :“ e
J
xPex and using
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Observer design
Stability analysis for ωp¨q P C

pw X L
8pRě0;Rěεq and pωp¨q P C

1 X L
8pRě0;Rěεq

‚ Error dynamics ex :“ x ´ px and eω :“ ω ´ pω ùñ d

dt
ex “ fpex, eω, . . . q

‚ Lyapunov candidate V pexq :“ e
J
xPex and using

˝ H :“ A ´ lc
J
y Hurwitz ùñ

@Q “ Q
J ą0 DP “P

J ą 0: H
J
P `PH “ ´Q ă 0 [4, Cor. 3.3.47]
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Observer design
Stability analysis for ωp¨q P C

pw X L
8pRě0;Rěεq and pωp¨q P C

1 X L
8pRě0;Rěεq

‚ Error dynamics ex :“ x ´ px and eω :“ ω ´ pω ùñ d

dt
ex “ fpex, eω, . . . q

‚ Lyapunov candidate V pexq :“ e
J
xPex and using

˝ H :“ A ´ lc
J
y Hurwitz ùñ

@Q “ Q
J ą0 DP “P

J ą 0: H
J
P `PH “ ´Q ă 0 [4, Cor. 3.3.47]

˝ @a, b,m P R : 2 a b “ a
2

m
` mb

2 ´
`

a?
m

´ ?
mb

˘2 ď a
2

m
` mb

2
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Observer design
Stability analysis for ωp¨q P C

pw X L
8pRě0;Rěεq and pωp¨q P C

1 X L
8pRě0;Rěεq

‚ Error dynamics ex :“ x ´ px and eω :“ ω ´ pω ùñ d

dt
ex “ fpex, eω, . . . q

‚ Lyapunov candidate V pexq :“ e
J
xPex and using

˝ H :“ A ´ lc
J
y Hurwitz ùñ

@Q “ Q
J ą0 DP “P

J ą 0: H
J
P `PH “ ´Q ă 0 [4, Cor. 3.3.47]

˝ @a, b,m P R : 2 a b “ a
2

m
` mb

2 ´
`

a?
m

´ ?
mb

˘2 ď a
2

m
` mb

2

ùñ d

dt
V pexq “ ¨ ¨ ¨ ď ´µV V pexq ` cωe

2
ω with eωp¨q P L

8
pRě0;Rq
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Observer design
Stability analysis for ωp¨q P C

pw X L
8pRě0;Rěεq and pωp¨q P C

1 X L
8pRě0;Rěεq

‚ Error dynamics ex :“ x ´ px and eω :“ ω ´ pω ùñ d

dt
ex “ fpex, eω, . . . q

‚ Lyapunov candidate V pexq :“ e
J
xPex and using

˝ H :“ A ´ lc
J
y Hurwitz ùñ

@Q “ Q
J ą0 DP “P

J ą 0: H
J
P `PH “ ´Q ă 0 [4, Cor. 3.3.47]

˝ @a, b,m P R : 2 a b “ a
2

m
` mb

2 ´
`

a?
m

´ ?
mb

˘2 ď a
2

m
` mb

2

ùñ d

dt
V pexq “ ¨ ¨ ¨ ď ´µV V pexq ` cωe

2
ω with eωp¨q P L

8
pRě0;Rq

˝ Bellmann-Gronwall Lemma [5, Lemma 5.50]
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Observer design
Stability analysis for ωp¨q P C

pw X L
8pRě0;Rěεq and pωp¨q P C

1 X L
8pRě0;Rěεq

‚ Error dynamics ex :“ x ´ px and eω :“ ω ´ pω ùñ d

dt
ex “ fpex, eω, . . . q

‚ Lyapunov candidate V pexq :“ e
J
xPex and using

˝ H :“ A ´ lc
J
y Hurwitz ùñ

@Q “ Q
J ą0 DP “P

J ą 0: H
J
P `PH “ ´Q ă 0 [4, Cor. 3.3.47]

˝ @a, b,m P R : 2 a b “ a
2

m
` mb

2 ´
`

a?
m

´ ?
mb

˘2 ď a
2

m
` mb

2

ùñ d

dt
V pexq “ ¨ ¨ ¨ ď ´µV V pexq ` cωe

2
ω with eωp¨q P L

8
pRě0;Rq

˝ Bellmann-Gronwall Lemma [5, Lemma 5.50]

ùñ @t ě ti : V pexptqq ď V pexptiqqe
´µV pt´tiq

` cω

ż t

ti

eωpτq
2
e

´µV pt´τq
dτ
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Observer design
Stability analysis for ωp¨q P C

pw X L
8pRě0;Rěεq and pωp¨q P C

1 X L
8pRě0;Rěεq

‚ Error dynamics ex :“ x ´ px and eω :“ ω ´ pω ùñ d

dt
ex “ fpex, eω, . . . q

‚ Lyapunov candidate V pexq :“ e
J
xPex and using

˝ H :“ A ´ lc
J
y Hurwitz ùñ

@Q “ Q
J ą0 DP “P

J ą 0: H
J
P `PH “ ´Q ă 0 [4, Cor. 3.3.47]

˝ @a, b,m P R : 2 a b “ a
2

m
` mb

2 ´
`

a?
m

´ ?
mb

˘2 ď a
2

m
` mb

2

ùñ d

dt
V pexq “ ¨ ¨ ¨ ď ´µV V pexq ` cωe

2
ω with eωp¨q P L

8
pRě0;Rq

˝ Bellmann-Gronwall Lemma [5, Lemma 5.50]

ùñ @t ě ti : V pexptqq ď V pexptiqqe
´µV pt´tiq

` cω

ż t

ti

eωpτq
2
e

´µV pt´τq
dτ

‚ Error bound by invoking λminpP q‖ex‖
2

ď V pexq “ e
J
xPex ď λmaxpP q‖ex‖

2

ùñ @t ě ti : ‖exptq‖
2

ď cP ‖exptiq‖
2
e

´µV pt´tiq
` c

1
ω

ż t

ti

eωpτq
2
e

´µV pt´τq
dτ
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Observer design
Bellmann-Gronwall Lemma or ‘Comparison Lemma’ [5, Lemma 5.50]

Lemma (Bellman-Gronwall Lemma (differential form))

Let α P R, I Ď R an interval and t0, t P I with t ě t0. If, for βp¨q, γp¨q P CpI;Rq,
ξp¨q P C1pI;Rq, the following holds

@ t ě t0 :
d

dt
ξptq ď βptqξptq ` γptq,

then

@ t ě t0 : ξptq ď ξpt0q exp

ˆż t

t0

βpτqdτ

˙
`

ż t

t0

γpτq exp

ˆż t

τ

βpsqds

˙
dτ .

For proofs, see e.g.:

‚ [6, Lemma 1.1] (for differential form) or

‚ [7, Lemma 2.1.18] and [8, Lemma A.1] (for integral form).
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Observer design
Stability of slowly time-varying linear systems [9, Proposition 1.4]

Proposition (Slowly time-varying linear systems)

Suppose Ap¨q P CpwpRě0;C
nˆnq satisfies for some α, β ą 0 and all t ě 0:

‖Aptq‖ ď β and spec
`
Aptq

˘
Ă Că´α :“ t s P C | ℜpsq ă ´α u

Then the system
d
dt
xptq “ Aptqxptq, xp0q “ x0

is exponentially stable if one of the following holds true for all t ě 0:

(i) ´α ă ´4β;

(ii) Ap¨q is piecewise differentiable and ‖ d

dt
Aptq‖ ď δ ă 2

2n´1

α
4n´2

2β
4n´4

(iii) ¨ ¨ ¨
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Observer design
Simulation results: Estimate py, estimation error ey “ y ´ py and estimated frequency pf “ pω

2π
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Observer design
Simulation results: Estimate pyν (left) and estimation error eν “ yν ´ pyν (right)

10.02.2020

C.M. Hackl, “Grid state estimation of arbitrarily distorted grids” 24/66



Observer design
Simulation results: Estimate pyν (left) and estimation error eν “ yν ´ pyν (right)
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Observer design
Measurement results in laboratory: (A) Grid emulator, (B) Host-PC and (C) Real-time system

A

B

C

A/D

LAN
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Observer design
Measurement results: mSOGI, sSOGI, ANF, y, f
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Observer design
Measurement results: mSOGI, sSOGI, ANF, yν (left)
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Observer design
Measurement results: mSOGI, sSOGI, ANF, yν (left)
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Observer design
Measurement results: mSOGI, sSOGI, ANF, yν (left)
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Outline I

6 Appendix
Internal model principle

Motivation

Signal reduplication

Parallelization of internal models (IMs)

Observability of parallelized IMs

Observability of linear time-varying systems

Observer design
Overall observer structure

DC-integrator (for dc offset estimation)

Second-order generalized integrators (SOGIs)

Pole placement

Stability analysis

Bellmann-Gronwall Lemma

Stability of slowly time-varying linear systems

Simulation results

Measurement results
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Outline II

Frequency estimation
Standard Frequency Locked Loop

Modified Frequency Locked Loop

Sign-correct adaption law for the FLL

Modification for mFLL

Comparative simulation results with FLL

Implementation
Laboratory setup

Measurement results for signal with fundamental only

Measurement results for signal with harmonics

Harmonic sequence extraction
Overall implementation

Positive, negative and zero sequence estimation

In-phase and quadrature signal vector of ν-th harmonic

Fortescue transformation

Simulation results
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Frequency estimation
Standard Frequency Locked Loop (sFLL)

standard FLL

px

ey

λ
Jpx ˆ

1

max

`
‖px1‖

2
,ε

˘
ˆ

ş

γ

pω

d
dt

pω “
γ pω ey λ

J px
max

`
‖px1‖

2
,ε

˘ “

#
ą 0, pω ă ω ^ ey ‰ 0

ă 0, , pω ą ω ^ ey ‰ 0

ðù λ :“ blockdiag
`
0, J

´1
, O2ˆ2, . . . , O2ˆ2

˘
l (sFLL)
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Frequency estimation
Modified Frequency Locked Loop (mFLL) with anti-windup (AWU) & rate limitation (RL)

modified FLL

px

ey

λ
Jpx ˆ

1

max

`
‖px1‖

2
,ε

˘
ˆ

sat
9ωmax

9ωmin

“
¨
‰

ˆ

δ ş

γ

pω

fawp¨, ¨q
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Frequency estimation
Modified Frequency Locked Loop (mFLL) with anti-windup (AWU) & rate limitation (RL)

modified FLL

px

ey

λ
Jpx ˆ

1

max

`
‖px1‖

2
,ε

˘
ˆ

sat
9ωmax

9ωmin

“
¨
‰

ˆ

δ ş

γ

pω

fawp¨, ¨q

d
dt

pω “ fawppω, δqlooomooon
Pt0,1u

¨ sat 9ωmax

9ωmin

”
γ pω ey λ

J px
max

`
‖xx1‖

2
,ε

˘
loooooomoooooon

“:δ

ı
with λ :“ p0,´g1, k1, 0, . . . , 0qJ

and faw
`

pω, δ
˘
:“

#
0, for

`
pω ě ωmax ^ δ ą 0

˘
_

`
pω ď ωmin ^ δ ă 0

˘

1, else
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Frequency estimation
Modified Frequency Locked Loop (mFLL) with sign-correct anti-windup and rate limitation

modified FLL

px

ey

λ
Jpx ˆ

1

max

`
‖px1‖

2
,ε

˘
ˆ

sat
9ωmax

9ωmin

“
¨
‰

ˆ

δ ş

γ

pω

fawp¨, ¨q

d
dt

pω “ fawppω, δq ¨ sat 9ωmax

9ωmin

”
γ pω ey λ

J px
max

`
‖xx1‖

2
,ε

˘
loooooomoooooon

“:δ

ı
“

#
ą 0, pω ă ω ^ ey ‰ 0

ă 0, , pω ą ω ^ ey ‰ 0

ðù λ :“ blockdiag
`
0,J

´1
, O2ˆ2, . . . , O2ˆ2

˘
l (mFLL)
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Frequency estimation
Sign-correct adaption law for the FLL

The choice

λ :“ blockdiag
`
0,J

´1
, O2ˆ2, . . . , O2ˆ2

˘
l (5)

leads (in steady state) to

λ
Jpx eyν

«
pω2

´
´gν , kν

¯
λ

pω2
´ω

2 e
2
yν

(6)

(5)
“ pω2

pk
2

ν`g
2

νq

ω
2

´pω2 e
2
yν

#
ě 0, pω ă ω ^ ey ‰ 0

ă 0, pω ą ω ^ ey ‰ 0
, (7)

which gives a sign-correct adaption, since

d
dt

pω 9 λ
Jpx eyν

“

#
ą 0, pω ă ω ^ ey ‰ 0

ă 0, pω ą ω ^ ey ‰ 0
.
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Frequency estimation
Modified FLL: Saturation of derivative of angular frequency estimate (rate limitation)

9ωmin 9ωmax

9ωmin

9ωmax

δ

sat
9ωmax

9ωmin

“
δ
‰
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Frequency estimation
Modified FLL: Saturation of derivative of angular frequency estimate (rate limitation)

9ωmin 9ωmax

9ωmin

9ωmax

δ

sat
9ωmax

9ωmin

“
δ
‰

sat
9ωmax

9ωmin

“
δ
‰

“

$
’&
’%

9ωmax , δ ą 9ωmax

δ , 9ωmin ď δ ď 9ωmax

9ωmin , δ ă 9ωmin
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Frequency estimation
Modified FLL: Sign-correct anti-windup

ωmin

ω

ωmax

time t / s

pω
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Frequency estimation
Modified FLL: Sign-correct anti-windup

ωmin

ω

ωmax

time t / s

pω

faw
`

pω, d
dt

pω
˘
:“

#
0, for

`
pω ě ωmax ^ d

dt
pω ą 0

˘
_

`
pω ď ωmin ^ d

dt
pω ă 0

˘

1, else
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Frequency estimation
Modified FLL: Sign-correct anti-windup

ωmin

ω

ωmax

time t / s

pω

faw
`

pω, d
dt

pω
˘
:“

#
0, for

`
pω ě ωmax ^ d

dt
pω ą 0

˘
_

`
pω ď ωmin ^ d

dt
pω ă 0

˘

1, else

ùñ @t ě 0: pωptq P
“
minpωmin, pω0q, minpωmax, pω0q

‰
ùñ pωp¨q P L8pRě0;Rą0q
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Frequency estimation
Simulation results with mFLL: Impact of modifications on frequency estimation
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Frequency estimation
Simulation results with FLL: Estimate py, error ey “ y ´ py, estimated frequency pf “ pω

2π
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Frequency estimation
Simulation results with FLL: Estimate pyν (left) and estimation error eν “ yν ´ pyν (right)
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Frequency estimation
Simulation results with FLL: Estimate pyν (left) and estimation error eν “ yν ´ pyν (right)
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Frequency estimation
Measurement results with FLL: Signal and Fast Fourier Transformation
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Outline I

6 Appendix
Internal model principle
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Parallelization of internal models (IMs)

Observability of parallelized IMs
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Observer design
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Second-order generalized integrators (SOGIs)

Pole placement
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Outline II

Frequency estimation
Standard Frequency Locked Loop
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Sign-correct adaption law for the FLL
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Implementation
Laboratory setup: (A) Grid emulator, (B) Host-PC and (C) Real-time system

A

B

C

A/D

LAN
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Implementation
Measurements w/o FLL (ν “ 1): mSOGI, mSOGIfast, sSOGI & ANF
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Implementation
Measurements with FLL (ν “ 1): mSOGI, mSOGIfast, sSOGI & ANF
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Implementation
Measurements w/o FLL (ν “ 10): mSOGI, sSOGI & ANF
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Implementation
Measurements w/o FLL (ν “ 10): eν “ yν ´ pyν for mSOGI, sSOGI & ANF
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Implementation
Measurements with FLL (ν “ 10): mSOGI, sSOGI & ANF
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Implementation
Measurements with FLL (ν “ 10): eν “ yν ´ pyν for mSOGI, sSOGI & ANF
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Outline II
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Harmonic sequence extraction
Overview: Phase parameter estimation (PPE) and Harmonic sequence extraction (HSE)

PPE
a

parallelized SOGIs

y
a

Σ 1-st SOGI
a

e
a
y

ν2-th SOGI
a

...

νn-th SOGI
a

c
J
y pxa

pxa
ν1

pxa
ν2

pxa
νn

pxa

´

pya

FLL

pω

HSE
abc

pxa

pω

pxabc
1,`

pxabc
1,´

pxabc
1,0

...

pxabc
νn,0

pxabc
νn,´

pxabc
νn,`y

b

PPE
b

pxb

y
c

PPE
c pxc
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Harmonic sequence extraction
Harmonic sequence extraction (HSE) for the three phases a, b, c

HSE
abc

HSE
abc
ν

pxa

pxb

pxc

pxabc

pxabc
ν

HSE
abc
1

...

pxabc
1

pxabc
1,´

pxabc
1,`

pxabc
1,0

HSE
abc
νn

pxabc
νn

...

pxabc
νn,´

pxabc
νn,`

pxabc
νn,0

C
abc
y

C
abc
q

(#)

pyabc
ν

pqabc
ν

pxabc
ν,´

pxabc
ν,`

pxabc
ν,0
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Harmonic sequence extraction
Positive, negative and zero sequence estimation of ν-th harmonic

Let ν P Hn, J1 :“
”
0 ´1 0

1 0 0

0 0 1

ı
and Tc :“ κ

«
1 ´ 1

2
´ 1

2

0

?
3

2
´

?
3

2
1?
2

1?
2

1?
2

ff
, κ P t 2

3
,

b
2
3

u,

define

y
abc
ν ptq “ 1

2
T

´1
c

“:D12hkkkkikkkkj”
1 0 0

0 1 0

0 0 0

ı
Tcpyabc

ν ptq ` 1
2
T

´1
c J1D12Tcpqabc

ν ptqlooooooooooooooooooooooooooooooooomooooooooooooooooooooooooooooooooon
“:pxabc

ν,`ptq [positive sequence]

` 1
2
T

´1
c D12Tcpyabc

ν ptq ´ 1
2
T

´1
c J1D12Tc pqabc

ν ptqlooooooooooooooooooooooooooooomooooooooooooooooooooooooooooon
“:pxabc

ν,´ptq [negative sequence]

`T
´1
c

“:D3hkkkkikkkkj”
0 0 0

0 0 0

0 0 1

ı
Tc pyabc

ν ptqloooooooooooooomoooooooooooooon
“:pxabc

ν,0 ptq [zero sequence]

,
////////////////////.
////////////////////-

(#)
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Harmonic sequence extraction
In-phase and quadrature signal vector of ν-th harmonic

For all ν P Hn and t ě 0, define

pyabc
ν ptq :“

¨
˝

pyaν ptq

pybνptq
pycνptq

˛
‚“

»
–
1 0 0 0 0 0

0 0 1 0 0 0

0 0 0 0 1 0

fi
fl

looooooooooooomooooooooooooon
“:C

abc
y PR

3ˆ6

¨
˝

pxa
νptq

pxb
νptq

pxc
νptq

˛
‚

looomooon
“:pxabc

ν ptqPR
6

P R
3

and

pqabc
ν ptq :“

¨
˝

pqaν ptq

pqbνptq
pqcνptq

˛
‚“

»
–
0 1 0 0 0 0

0 0 0 1 0 0

0 0 0 0 0 1

fi
fl

looooooooooooomooooooooooooon
“:C

abc
q PR

3ˆ6

pxabc
ν ptq P R

3
,

,
///////////////.
///////////////-

(8)
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Harmonic sequence extraction
Fortescue transformation (complex; in steady state)

For α :“ e

2π
3 , define the Fortescue matrix

T Fortescue :“
1
3

»
–
1 α α

2

1 α
2

α

1 1 1

fi
fl P C

3ˆ3

then, in steady state (as phasor!), the positive, negative and zero sequence

of phase a are given by [10, Appendix A]

¨
˝
u
a
`

u
a
´

u
a
0

˛
‚

loomoon
“:u

a

`´0

:“ T Fortescue

¨
˝
u
c

u
b

u
c

˛
‚

loomoon
“:u

abc

and u
b
` :“ α

2
u
a
` , u

b
´ :“ αu

a
´ , u

c
` :“ αu

a
` and u

c
´ :“ α

2
u
a
´ .
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Harmonic sequence extraction
Simulation results: Estimate pyabc

, estimation error e
abc “ y

abc ´ pyabc
& estimated frequency

pf
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Harmonic sequence extraction
Simulation results: ν-th estimate pypν (left) & ν-th estimation error e

p
ν “ y

p
ν ´ pypν (right),

p P ta, b, cu
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Harmonic sequence extraction
Simulation results: Estimate pyν (left) and estimation error eν “ yν ´ pyν (right)
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Harmonic sequence extraction
Simulation results: Harmonic y

abc
7 , positive pyabc

7,`, negative pyabc
7,´ & zero pyabc

7,0 sequence
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Harmonic sequence extraction
Simulation results: Harmonic y

abc
7 , positive pyαβ

7,`, negative pyαβ
7,´ & zero py07,0 sequence
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Harmonic sequence extraction
Simulation results: Harmonic y

abc
3 , positive pyabc

3,`, negative pyabc
3,´ & zero pyabc

3,0 sequence
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Harmonic sequence extraction
Simulation results: Harmonic y

abc
3 , positive pyαβ

3,`, negative pyαβ
3,´ & zero py03,0 sequence
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Harmonic sequence extraction
Simulation results: Harmonic y

abc
2 , positive pyabc

2,`, negative pyabc
2,´ & zero pyabc

2,0 sequence
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Harmonic sequence extraction
Simulation results: Harmonic y

abc
2 , positive pyαβ

2,`, negative pyαβ
2,´ & zero py02,0 sequence
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