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Model-predictive control: Problem statement

‚ Optimality with respect to performance index

J “
nÿ

i“1

wiJi, n P N, @i P t1, . . . , nu : Ji, wi ě 0. (COST)

‚ but not necessarily “optimal” with respect to sub-cost Ji
˝ How to choose weighting factors w1, . . . , wn?

ùñ “Increase wi to “optimize” sub-cost Ji” does not hold in general [1]!

˝ Does (COST) reflect the “human performance index” adequately?

ùñ Is the use of adaptive weights beneficial [1] ?

‚ How to achieve “good” control performance under disturbances or
uncertainties (i.e. steady state accuracy and/or no overshoots) ?

˝ Use of a PI controller (but not admissible) Integral error feedback

˝ Use of long prediction horizons (not feasible) MPC with analytical solution
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Model predictive control
Considered system class

LTI MIMO system (discrete) with disturbances

xrk ` 1s “ Axrks ` Burks ` Bddrks, xr0s “ x0 P R
n

yrks “ Cxrks,

*
(1)

Standard assumption [2, p. 48] on system (1):

(A1) controllability, i.e. rankrB,AB, . . . ,An´1Bs “ n.

(A2) full state feedback, i.e. xrks is available for all k

( or observability, i.e. rank

«
C

CA

.

.

.

CA
n´1

ff
“ n (observer design).)

(A3) model-based prediction, i.e. A, B, Bd and C are known and dp¨q is

measured. What if model is not accurate / disturbances are only roughly

know?
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Model predictive control
Problem & Solution

Problem: Find optimal control action (vector)

u
Hp

‹ rks :“
`
u
Hp

‹ rk ` 1sJ, . . . ,u‹rk ` npsJ
˘J

P R
mnp (2)

over Hppkq :“ tk ` 1, . . . , k ` np ` 1u which maximizes performance index

J0
`
k,u,x,v

˘
“ γ

`
k,u,x

˘J
v ` 1

2
vJ

Λ
`
k,u,x

˘
v,

where @pk,u,xq P N0 ˆ R ˆ R
n :

(C1) 0 ă Λpk,u,xq “ Λpk,u,xqJ P R
npˆnp and

(C2) Λpk,u,xq´1γpk,u,xq “ 0np
ô γpk,u,xq “ 0np

,
///.
///-

(3)

Analytical solution: (unique and globally optimal)

u
Hp

‹ rks :“ argmin
v

´
J0

`
k,urks,xrks,v

˘¯
“ ´Λpk,urks,xrksq´1γpk,urks,xrksq.

(4)
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Model predictive control
Integral error feedback and system extension

Additional state for integration of error

xirk ` 1s “ xirks ` Ts ki
`
pyref rks ´ Cxrks

˘
loooooooooomoooooooooon

“:erks

, ki ą 0, (5)

Extended system

:“xrk`1shkkkkkkikkkkkkjˆ
xrk ` 1s
xirk ` 1s

˙
“

“:APRpn`mqˆpn`mqhkkkkkkkkkkkkikkkkkkkkkkkkj„
A Onˆm

´Ts kiC Imˆm


xrks `

“:BPRpn`mqˆmhkkkkikkkkj„
B

Omˆm


urks

`

„
Bd Onˆm

Omˆl Ts kiIm



looooooooooomooooooooooon
“:BdPRpn`mqˆpl`mq

ˆ
drks

pyref rks

˙

loooomoooon
“:drksPRl`m

,

yrks “
“
C kcIm

‰
loooooomoooooon

“:CPRmˆpn`mq

xrks, kc ą 0.

B
1

z

Bd

A

C
u x y

d

Im

1

z

Tski

Tski kc
´

xi

y

yref
integral error feedback
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Model predictive control
Implementation of MPC with analytical solution (AS) and integral error feedback (IEF)

u
Hp

‹

x “

ˆ
x

xi

˙

d “

ˆ
d

yref

˙

u

pyHp

ref

pdHp

E

F

Fd

G

Gd

W e

W u

MPC with

AS

and IEF

Performance index (with tracking and control weights):

Jpk,u,x,u
Hp

‹ q “ ppeHpqJWepk,u,xq peHploooooooooooooomoooooooooooooon
“:Jepk,u,x,u

Hp
‹ q

` pu
Hp

‹ qJWupk,u,xqu
Hp

‹loooooooooooooomoooooooooooooon
“:Jupu

Hp
‹ q

with

peHprks “ pyHp

ref rks ´ pExrks ` Furks ` Fd drks ` Gd
pdHp

rks ` Gu
Hp

‹ rkslooooooooooooooooooooooooooooooooomooooooooooooooooooooooooooooooooon
“:pyrks

q

where

E :“

»
—–

CA

CA
2

.

.

.

CA
np`1

fi
ffifl, F :“

»
—–

CB

CAB

.

.

.

CA
npB

fi
ffifl, Fd :“

»
—–

CBd

CABd

.

.

.

CA
npBd

fi
ffifl, GpC,A,Bq, GdpC,A,Bdq

Performance index (reformulated):

J0
`
k,u,x,u

Hp

‹

˘
“ γ

`
k,u,x

˘J
u
Hp

‹ `
1

2
pu

Hp

‹ qJ
Λ

`
k,u,x

˘
u
Hp

‹

where

γpk,u,xqJ “ 2
´

´ pyHp

ref rksJ` xJE
J

` uJF
J

` drksJFd

J
` pdHp

rksJGd

J
¯
Wepk,u,xqG.

and Λpk,urks,xrksq :“ 2

ˆ
G

J
Wepk,urks,xrksqG ` Wupk,urks,xrksq

˙

ùñ u
Hp

‹ rks “ Λpk,urks,xrksq´1γpk,urks,xrksq.

ùñ (Almost) arbitrary lengths np " 1 of prediction horizon feasible!
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Application
Current control of grid-connected power converter with LCL filter

x
abc “ piabc

f
, iabc

g ,uabc
c qx “ pik

f
, ikg ,uk

c q

i
k
g,ref

u
abc
g

kuu
k
g

φg

u
k
f,ref u

abc
fs

abcu
s
f,ref u

abc
f,ref

αβ

αβ

αβ

αβ

abc

abc

dq

dq

filterPWM PCC

PLL

VSI grid
Clarke

transformation

Park

transformation

implementation

controller

MPC with AS

and IEF

Assumption: Full state feedback available (otherwise observer design needed [3]).
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Application
Model of grid-connected power converter with LCL filter

udc

i
a
f

i
b
f

i
c
f

Rf

Rf

Rf

Lf

Lf

Lf

Rg

Rg

Rg

Lg

Lg

Lg

i
a
g

i
b
g

i
c
g

u
a
g

u
b
g

u
c
g

u
a
c u

b
c u

c
cC C C

R R R

u
a
f

PCC

xrk ` 1s “

“:Ahkkkkkkikkkkkkj
pI6 ` TsAcqxrks `

“:Bhkkikkj
TsBc urks `

“:Bdhkkikkj
TsBc,d drks

yrks “ Ccloomoon
“:C

xrks,

,
//.
//-

(6)

‚ system is controllable [3]

‚ full state feedback available (system is observable [3])

‚ grid voltage is measured (d “ kuu
k
g , non-ideal measurement assumed)
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Simulation results (ku “ 0.85)
pd, qq-signals: MPC, MPC with IEF & MPC with IEF and y
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û
g
[V
]

100

150

200

id g
[A
]

−20

0

20

40

idg,ref

iq g
[A
]

−20

−10

0

iqg,ref

‖u
k f
‖
[V
]

time t [s]
0 0.1 0.2 0.3 0.4 0.50

250

500 udc/2

û
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Simulation results (ku “ 0.85)
Phase a signals: MPC, MPC with IEF & MPC with IEF and y
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Summary
To take home and open questions

‚ MPC with integral error feedback

˝ fits theory (extended system with additional state(s) is still a LTI MIMO

system) and

˝ is beneficial (compensates for disturbances and uncertainties)!

‚ Long prediction horizons

˝ are beneficial (faster tracking performance; e.g. without overshoots) and

˝ are feasible with analytical solution (computational load does not

increase exponentially)!

‚ Exploitation of non-constant weights Wepk,u,xq and Wupk,u,xq
feasible? E.g. to incorporate soft-constraints for

˝ saturated control actions [1], i.e. wu9 1

umax´‖uk
s

rks‖
or

˝ prescribed transient accuracy, i.e. we9
1

ψrks´‖erks‖
[1, 4] ?

‚ Apply results to nonlinear systems (with online linearization) ?
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Simulation results
Implementation data

description symbols & values

sampling time Ts “ 1,25 ¨ 10´4
s

LCL-filter Lf “ 6,25 ¨ 10´3
H, Lg “ 26,4 ¨ 10´4

H,

C “ 4,95 ¨ 10´4
F, R “ Rf “ Rg “ 0Ω

VSI fpwm “ 8 kHz, udc “ 1 000V

PLL ku “ 0.85 (15 % grid amplitude error)

MPC with AS np “ 25, Wu “ 5000 ¨ I54 1{A,

We “ 50 ¨ I50 1{V.

ki “ 50, kc “ 2 (integral error feedback)

Table: System, implementation and controller data.
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