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Reference tracking under load (CNC turning machine)

y x

ω

(http://www.knuth.de)

‚ Problem statement
˝ reference pωref , xref , yrefq : Rě0 Ñ R

3

˝ precise position and speed control, e.g. for prescribed λ ą 0

@ t ě t0 : |eptq| “ |yrefptq ´ yptq| ď λ.

‚ Challenges
˝ nonlinear effects (e.g. actuator saturation, friction)

˝ friction and loads (disturbances) unknown and varying

˝ system parameters (solely) roughly known
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High-gain control: An intuition

y

9y
u

kD

´́

systemcontroller

F2psq “ ps`5q
ps´1q2ps`1q´k py ` kD 9yq

‘structural properties’ of F2psq

‚ relative degree (pole excess):

r “ 3 ´ 1 “ 2

‚ positive high-frequency gain

(limsÑ8 s2F1psq “ 1)

‚ minimum-phase

(numerator is Hurwitz)

Root-locus (ˆ poles, ˝ zeros)
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Admissible system class S1 (simplified)

9xptq “ Axptq ` b
`
uptq ` udptq

˘
` BT

´
dptq ` pTxqptq

¯

yptq “ cJxptq,

+
(1)

with “structural properties”:

(i) γ0 :“ cJb ‰ 0 and signpγ0q known;

(ii) @ s P C with ℜpsq ě 0: det

„
sIn ´ A b

cJ 0


‰ 0;

(iii) operator T is of class T (see Def. 1 in [14]) and

MT :“ sup t‖pTξqptq‖ | t ě 0, ξp¨q P Cpr´h,8q,Rnquă8;

(iv) udp¨q P L8pr´h,8q;Rq and dp¨q P L8pr´h,8q;Rmq.

Example (Linear system in the frequency domain)

F1psq “ cJpsI ´ Aq´1b “ ps`4qps`5q
ps´1q2ps`1q
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Control objective and funnel controller for S1 [14]

‚ objective: ‘tracking with prescribed transient accuracy’ of reference yrefp¨q

ep¨q

ep0q ψ0p¨q

ψ0p0q

´ψ0p0q

eptq

ψ0ptq

´λ0
t time t rss

funnel

where

eptq “ yrefptq ´ yptq,
yrefp¨q P CpRě0;Rq,
ψ0p¨q P CpRě0; rλ0,8qq
with λ0 ą 0

‚ funnel controller:

uptq “ k0ptqeptq where k0ptq “
ς0ptq

ψ0ptq ´ |eptq|
(FC1)

‚ with gain scaling ς0p¨q P CpRě0;Rą0q
(e.g. to fix minimal gain: k0ptq ě ς0ptq{ψ0ptq for all t ě 0)
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Admissible system class S2 (simplified)

9xptq “ Axptq ` b
`
uptq ` udptq

˘
` BT

´
dptq ` pTxqptq

¯

yptq “ cJxptq,

+
(2)

with “structural properties”:

(i) cJb “ 0, γ0 :“ cJAb ‰ 0 and signpγ0q known;

(ii) @ s P C with ℜpsq ě 0: det

„
sIn ´ A b

cJ 0


‰ 0;

(iii) operator T is of class T (see Def. 1 in [14]) and

MT :“ sup t‖pTξqptq‖ | t ě 0, ξp¨q P Cpr´h,8q,Rnquă8;

(iv) udp¨q P L8pr´h,8q;Rq and dp¨q P L8pr´h,8q;Rmq.

(v) yp¨q and 9yp¨q are available for feedback.

Example (Linear system in the frequency domain)

F2psq “ cJpsI ´ Aq´1b “ ps`5q
ps´1q2ps`1q
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Control objective and funnel controller for S2 [9]

‚ objective: ‘tracking with prescribed transient accuracy’ of yrefp¨q and 9yrefp¨q

ep¨q

ep0q ψ0p¨q

ψ0p0q

´ψ0p0q

eptq

ψ0ptq

´λ0 9ep¨q

9ep0q

ψ1p¨q

ψ1p0q

´ψ1p0q

9eptq

ψ1ptq ě ´ d
dt ψ0ptq ` δ

λ1

tt time t rss

funnel

‚ funnel controller (with derivative feedback)

uptq “ k0ptq2
ˆ
eptq `

k1ptq

k0ptq
9eptq

˙
, eptq “ yrefptq ´ yptq (FC2)

‚ where k0ptq “
ς0ptq

ψ0ptq ´ |eptq|
and k1ptq “

ς1ptq

ψ1ptq ´ | 9eptq|
‚ scaling functions ςip¨q P CpRě0;Rą0q, i “ 0, 1
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Steady-state accuracy with internal models [1, 6, 12]

‚ asymptotic accuracy (i.e. limtÑ8 eptq “ 0), cannot be guaranteed,

since ψ0ptq ě λ0 ą 0 for all t ě 0

‚ typical solution: use of internal model (IM) to achieve asymptotic tracking

e v u y

augmented system

(FC1) or (FC2) (IM) system

‚ if (IM) has

˝ relative degree zero

˝ positive high-frequency gain

˝ and is minimum-phase

then augmented system has identical ‘structural properties’ as system
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Example: PI-funnel control [12, 13]

1

ψ´|e|e
internal model

e.g. FCpsq
linear system

e.g. FSpsq

e yyref v u

´
?

“augmented system”

Example (“Augmented system” in the frequency domain)

‚ PI controller: FCpsq “ kP ` kI
s

“ kP s`kI
s

, kP , kI ą 0

‚ system: FSpsq “ 1`s
s2´s`1

‚ “augmented system”: FCpsqFSpsq “ kP s`kI
s

¨ 1`s
s2´s`1

‚ ùñ limtÑ8 eptq “ 0 for yrefp¨q “const.
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Stiff servo-systems

drive (mM ) load (mL)Θhkkkkkkkkkikkkkkkkkkj

‚ drive torque mM p¨q P CpRě0;Rq rNms (control input)

‚ load torque mLp¨q P L8pRě0;Rq rNms (disturbance)

‚ inertia Θ ą 0
“
kgm2

‰

‚ state x “ pφ, ωqJ: position φ rrads, speed ω rrad{ss

‚ friction (on drive & load side)

‚ gear with ratio gr P Rzt0u r1s (neglecting dynamics & backlash)

‚ signals available for feedback: position φ and/or speed ω “ 9φ

(deteriorated by nmp¨q and/or 9nmp¨q, resp.)
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Nonlinear model of stiff servo-systems [7, 8]

1{Θ
u

uA

kA
φ φ{gru

mL

ω “ 9φ

1{gr

1{gr
9ω

ν1ω ` F1ω

ν2
ω
gr

` F2
ω
gr

1MS

‘actuator’

satûA

´

nm

9nm

φm

ωm

‘sensor(s)’

9xptq “ Axptq ` b satûA

`
mM ptq ` uAptq ´ pF1ωqptq

˘
` bL

`
mLptq ` pF2

ω
gr

qptq
˘

yptq “ cJxptq, xp0q “ pφ0, ω0qJ

+
(1MS)

where kA ą 0, ûA ą 0, uA P L8pRě0;Rq, gr P Rzt0u, Θ ą 0, ν1, ν2 ą 0, and for all

i P t1, 2u: Fi P T , MFi
:“ sup t‖pFiβqptq‖ | t ě 0, βp¨q P CpRě0,Rquă8 and

A “

«
0 1

0 ´
ν1`ν2{g2r

Θ

ff
, b “

ˆ
0
1

Θ

˙
, bL “

ˆ
0

´1

grΘ

˙
and e.g. c “

ˆ
1

gr

0

˙
.
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Speed control implementation

speed
controller

laboratory setup with ‘sensor’implementation in xPC target

e

9nm

ω

ωm “ ω ` 9nm

yref “ ωref mM

´
C

‚ Standard PI controller

mM ptq “ kP eptq ` kI

ż t

0

epτqdτ

‚ PI-funnel controller

mM ptq “ k0ptq eptq ` kI

ż t

0

k0pτqepτqdτ where k0ptq “
ς0ptq

ψ0ptq ´ |eptq|
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Speed control measurement results

Set-point tracking

time t [s]

ω
+
ṅ

m
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]
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Position control implementation

position
controller

laboratory setup with ‘sensor(s)’implementation in xPC target

e

9e

nm

9nm

φ

ω

y “ φ` nm

9y “ ω ` 9nm

yref “ φref

9yref “ ωref

mM

´

´C1

‚ Standard PID controller (with feedforward)

mM ptq “ kP eptq ` kI

ż t

0

epτqdτ ` kD 9eptq ` uF ptq

‚ PID-funnel controller

mM ptq “ k0ptq2
ˆ
eptq `

k1ptq

k0ptq
9eptq

˙
` kI

ż t

0

k0pτq2
ˆ
epτq `

k1pτq

k0pτq
9epτq

˙
dτ

where kiptq “ ςiptq
ψiptq´|epiqptq|

for i “ 0, 1.
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Position control measurement results

Set-point tracking
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Funnel control with linear internal model [6]

test benchimplementation

e

9e

nm

9nm

φ

ω

y “ φ` nm

9y “ ω ` 9nm

yref “ φref

9yref “ ωref u “ mM

´

´
k20e

k0k1 9e

mL
drive load

φrefp¨q, ωrefp¨q

time t [s]

[π
ra
d
],
[π

ra
d
/
s]
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m
]
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d
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d
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Measurements: (FC2)

angle
φ + nm [π rad]
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Design and combination of internal models

funnel
controller

internal model
system

of class S2

e

nm

9nm

yyref

9e 9y9yref

v u

´

´

extended system of class S2

‚ reference

yrefptq :“

#
y0 , 0 ď t ă t0
y0
4

cosp2π f0pt´ t0qq ` 3y0
4

, t0 ď t ď tend

,
y0 P R rrads
f0 ě 0 r1{ss

‚ design: (i) y0 ❜ r y0
s

ùñ FPIpsq “ kP s`kI
s

and (ii)

cosp2π f0tq ❜ r
1

s2 ` p2πf0q2
ùñ FCOSpsq “

ps ` z0q2

s2 ` p2πf0q2
, z0, f0 ą 0.

‚ combination

FIM psq “
upsq

vpsq
“ kP ¨

s ` kI{kP

s
¨

ps ` z0q2

s2 ` p2πf0q2
, kP , kI , z0, f0 ą 0. (IM)
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Measur.: (FC2), (FC2)+(PI), (FC2)+(IM)
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Funnel control for robotic systems [5]

yE
y
ref,E

Kuka KR 150-2 (Series 2000)

(http://www.kuka-robotics.com)

Applications

‚ (spot-)welding

‚ painting/enameling

‚ mounting/assembling

‚ laser-beam cutting

‚ . . .

Goals:

‚ Accurate position control of end effector , i.e. for given λ ą 0:

@ t ě t0 : ‖eEptq‖ “
∥

∥yref,Eptq ´ yEptq
∥

∥ ď λ.

‚ controller: simple and ‘intuitive’ to tune
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Rigid-link revolute-joint robotic systems

Model of robotic systems (in joint space)

Mpyptqq:yptq ` Cpyptq, 9yptqq 9yptq ` pF 9yqptq ` gpyptqq ` dptq “ uptq,

pyp0q, 9yp0qqJ “ py0, y1qJ P R
2n

+

(ROBOT)

‚ Standard assumptions

˝ D cM , cM ą 0 @y P R
n : 0 ă cMIn ď Mpyq “ MpyqJ ď cMIn

˝ D cC ą 0 @y,v P R
n : }Cpy,vqv} ď cC}v}2

˝ F : CpRě0;Rq Ñ L
8
locpRě0;Rq (causal friction operator)

˝ D cg ą 0 @y P R
n : }gpyq} ď cg

˝ dp¨q P L
8pRě0;R

nq (disturbance)

˝ up¨q P CpRě0;R
nq (control input)

˝ Measurements: yp¨q and 9yp¨q

‚ ‘Structural properties’

˝ (strict) relative degree r “ 2

˝ positive (definite) high-frequency gain (matrix)

˝ no internal dynamics (minimum-phase)

˝ ‘derivative feedback’ admissible
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Control objective
‚ ‘Tracking with prescribed transient accuracy’ for each joint i P t1, . . . , nu:

@ t ě 0: |eiptq| “ |yref,iptq ´ yiptq| ă ψ0,iptq and | 9eiptq| ă ψ1,iptq

eip¨q

eip0q ψ0,ip¨q

ψ0,ip0q

´ψ0,ip0q

eiptq

ψ0,iptq

´λ0,i 9eip¨q

9eip0q

ψ1,ip¨q

ψ1,ip0q

´ψ1,ip0q

9eiptq

ψ1,iptq

λ1,i

funnel

tt time t rss

‚ (joint-)reference yref,ip¨q P W2,8pRě0;Rq

‚ (joint-)boundary pψ0,ip¨q, ψ1,ip¨qq:

˝ |eip0q| ă ψ0,ip0q und | 9eip0q| ă ψ1,ip0q
˝ ψ0,ip¨q, ψ1,ip¨q P L

8pRě0;Rą0q and globally Lipschitz continuous

˝ D δi ą 0@t ě 0: ψ1,iptq ě ´ d
dt ψ0,iptq ` δi
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MIMO funnel controller

eip¨q

eip0q ψ0,ip¨q

ψ0,ip0q

´ψ0,ip0q

eiptq

ψ0,iptq

´λ0,i 9eip¨q

9eip0q

ψ1,ip¨q

ψ1,ip0q

´ψ1,ip0q

9eiptq

ψ1,iptq ě ´ d
dt ψ0,iptq ` δi

λ1,i

funnel

tt
TIME t rss

uptq “ xMpyptqq
´
K0ptq2eptqlooooomooooon

P

`K0ptqK1ptq 9eptqlooooooooomooooooooon
D

`uFF ptq
¯

(FCn)

‚ K0ptq “ diag
 
k0,1ptq, . . . , k0,nptq

(
und

K1ptq “ diag
 
k1,1ptq, . . . , k1,nptq

(

‚ @ i P t1, . . . , nu : k0,iptq “
1

ψ0,iptq ´ |eiptq|
and k1,iptq “

1

ψ1,iptq ´ | 9eiptq|
‚ uFF p¨q P L8pRě0;R

nq
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Properties of the closed-loop system

PD controller & feed forward

K2
0
e ` K0K1 9e

`uFF

‘decoupling’

xM

MIMO funnel controller

(ROBOT)

e

nm

9nm

yyref

9e 9y9yref

u

´

´W2,8

For

‚ xMpyq “ Mpyq diag
 
∆1pyq, . . . ,∆npyq

(

‚ uFF p¨q P L8pRě0;R
nq

‚ nmp¨q P W2,8pRě0;R
nq (measurement noise admissible)

we have

‚ @i P t1, . . . , nu Dεi ą 0 @ t ě 0: ψ0,iptq ´ |eiptq| ě εi and

ψ1,iptq ´ | 9eiptq| ě εi
‚ K0p¨q,K1p¨q P L8pRě0;R

n
ą0q

‚ up¨q P L8pRě0;R
nq
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Example: Planar robot (2DOF)

d1,F1 9y1,u1

d2,F2 9y2,u2

l1

l2

m1

m2

y1

y2

‚ (point-)masses m1, m2 rkgs

‚ length of joints l1, l2 rms

‚ joint angle y :“

ˆ
y1
y2

˙
rrads2

‚ control input u :“

ˆ
u1
u2

˙
rNms2

‚ friction F 9y :“

ˆ
F1 9y1
F2 9y2

˙
rNms2

‚ disturbance d :“

ˆ
d1
d2

˙
rNms2

Mpyptqq:yptq ` Cpyptq, 9yptqq 9yptq ` pF 9yqptq ` gpyptqq ` dptq “ uptq,

pyp0q, 9yp0qqJ “ p0, 0qJ P R
4

+

(ROBOT)
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Implementation: MIMO funnel controller

PD controller

K2
0
e ` K0K1 9e

‘decoupling’

xM

MIMO funnel controller

(ROBOT)

e

0

0

yyref

9e 9y9yref

u

´

´W2,8

‚ uptq “

xMpyptqqhkkkkkkkkkkikkkkkkkkkkj

Mpyptqq ¨

„
5 0

0 2


¨

˜„
k0,1ptq2 0

0 k0,2ptq2


eptq `

„
k0,1ptqk1,1ptq 0

0 k0,2ptqk1,2ptq


9eptq

¸

‚ @ i P t1, 2u : k0,iptq “
ψ0,iptq

ψ0,iptq ´ |eiptq|
ě 1 & k1,iptq “

5ψ1,iptq

ψ1,iptq ´ | 9eiptq|
ě 5
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Implementation: References, disturbance & boundary

PD controller

K2
0
e ` K0K1 9e

‘decoupling’

xM

MIMO funnel controller

(ROBOT)

e

0

0

yyref

9e 9y9yref

u

´

´W2,8

yref,1p¨q, yref,2p¨q

Zeit t [s]

[r
ad

],
[r
ad

/s
]

0 10 20 30 40 50
−2

−1

0

1

2

3

4

d1p¨q “ d2p¨q

Zeit t [s]

[N
m
]

0 10 20 30 40 50
0

2

4

6

8

10

˘ψ0,ip¨q, ˘ψ1,ip¨q

Zeit t [s]
[r
ad

],
[r
ad

/s
]

0 10 20 30 40 50
−8

−4

0

4

8
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Simulation results (joints: #1, #2)

Winkel
y1, y2
[rad]

−2

0

2

4 yref,1(·) yref,2(·)

Geschwindigkeit
ẏ1, ẏ2
[rad]

−1

−0.5

0

0.5

1
ẏref,1(·) ẏref,2(·)

Zeit t [s]

Moment
u1, u2

[Nm]

0 10 20 30 40 50
−200

−100

0

100

200
d1(·) = d2(·)
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Simulation results (joints: #1, #2)

Positionsfehler
e1, e2
[rad]

−0.5

0

0.5
±ψ0,1(·) = ±ψ0,2(·)

P-Verstärkung
k2
0,1 , k

2
0,2

[Nm/rad]

0

50

100

Geschw.-Fehler
ė1, ė2
[rad/s ]

−2

0

2

±ψ1,1(·) = ±ψ1,2(·)

Zeit t [s]

D-Verstärkung
k0,1k1,1, k0,2k1,2
[Nms/rad]

0 10 20 30 40 500

25

50
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Funnel control with internal model for robotic systems

‚ limtÑ8 eiptq “ 0 not guaranteed (since ψ0,iptq ě λ0,i ą 0 for all t ě 0)

‚ application of (linear) internal model admissible, if

˝ relative degree zero

˝ positive high-frequency gain

˝ control- and observable (ùñ minimum-phase)

‚ ‘Standard internal model’ in industry (SISO):

9xIptq “ uptq, xIp0q “ 0

vptq “ kPuptq ` kIxIptq

*
❝ svpsq “

kP s` kI

s
upsq, kP , kI ą 0 (PI)

PD controller & feed-forward

K2
0
e ` K0K1 9e

`uFF

internal model

e.g.
(PIn)

‘decoupling’

xM

extended MIMO funnel controller

(ROBOT)

e

nm

9nm

yyref

9e 9y9yref

v u

´

´W2,8
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Combination of internal models

PD controller & feed-forward

K2
0
e ` K0K1 9e

`uFF

internal model

(IMn)

‘decoupling’

xM

extended MIMO funnel controller

(ROBOT)

e

nm

9nm

yyref

9e 9y9yref

v u

´

´W2,8

‚ References (for each joints)

yref,i : Rě0 Ñ R, t ÞÑ yref,iptq :“ ai sin
`
2π fi t

˘
` bi, ai ą 0, bi ‰ 0

‚ Internal models (SISO)

FPIpsq “
kP s` kI

s
, kP , kI ą 0 and FSIN psq “

ps` γq2

s2 ` p2πfiq2
, γ, fi ą 0

‚ Serial interconnection

FIM psq “
kP s` kI

s
¨

ps` γq2

s2 ` p2πfiq2
, kP , kI , γ, fi ą 0 (IM)
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Simulation results with (IMn) ( #1, #2)

Winkel
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Simulation results with (IMn) ( #1, #2)
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Funnel control with saturation [9, 10]

1

ψ´|e|e

laboratory setupimplementation (xPC target)

e

9nm

ω

ω ` 9nm

yref u

mL

satûA
p¨q

´

‚ ûA ě ufeas “ ufeaspyref , ψ, system, . . . q ùñ @ t ě 0: ψptq ´ |eptq| ě ε

‚ ε ď min
!
λ
2
, ψp0q ´ |ep0q|, λ

2pûA`‖mL‖8q

)

‚ ufeas conservative (for setup ufeas « 63 rNms and ûA “ 22 rNms)
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PI-funnel control with saturation feasible?

?1

ψ´|e|e
9xI “ kIv

u“ kP v ` xI

laboratory setupimplementation (xPC target)

e

9nm

ω

ω ` 9nm

yref u

mL

v
satûA

p¨q

´

‚ Tracking with prescribed transient accuracy endangered, i.e.

✭
✭
✭

✭
✭
✭

✭
✭
✭
✭✭❤

❤
❤

❤
❤
❤

❤
❤
❤
❤❤

@ t ě 0: |eptq| ă ψptq ?
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PI controller with Anti-windup (“conditional integration”)

(PIaw)
ûA

9xI xI

satûA
p¨q
usatuv

kP

kI

fawp¨q

System theoretical interpretation:

Lemma (see [3])

@ vp¨q P CpRě0;Rq ùñ @ t ě 0: |xIptq| ď maxtûA, xIp0qu “: xmax

I

ùñ Anti-windup: xIp¨q acts as bounded “input disturbance”
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PI-funnel control with saturation [3]

1

ψ´|e|e
X

9xI “ fawpuqkIv
u“ kP v ` xI

laboratory setupimplementation (xPC target)

e

9nm

ω

ω ` 9nm

yref u

mL

v
satûA

p¨q

´

‚ ûA ě ufeas “ ufeaspyref , ψ, system, . . . q ùñ @ t ě 0: ψptq ´ |eptq| ě ε

‚ ε ď min
!
λ
2
, ψp0q ´ |ep0q|, kPλ

2pûA`xmax

I
`‖mL‖8q

)

‚ ufeas « 63 rNms
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Measur. results: (FC1)+(PI), (FC1)+(PIaw)
ω
+
n
m
[r
ad

/s
]

0

100

200 yref(·)

yref(·)±ψE(·)

e
[r
ad

/s
]

−100

−50

0

50

±ψE(·)

k
[N

m
s/
ra
d
]

0
20
40
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80

time t [s]

u
[N

m
]

0 2 4 6 8 10 12 14 16 18 20

−20

0

20

−mL(·)
±ûA
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Funnel control for elastic systems [2]

drive (mM )load (mL)

cS , dS

Θ2, ω2 Θ1, ω1

‚ Goal 1: Reference tracking ω2 Ñ ω2,ref (or ω1 Ñ ω1,ref )

‚ Goal 2: Active damping of natural frequency

ω0 “

d
cSpΘ1 ` Θ2q

Θ1Θ2

« 61 rrad{ss ùñ f0 « 9.7 rHzs

‚ Constraint: ω1 as feedback signal only
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Elastic system: Two-mass system model

uA

kA
u

dS

cS1{Θ1 1{Θ2

ω1

ω2φSmM

mL

1{gr

1{gr

ν1ω1 ` F1ω1
ν2

ω2

gr
` F2

ω2

gr

mech. system

actuator

´

´´

nmpω1

sensor

d
dt xSptq “ ASxSptq ` bS

`
uptq ` uAptq

˘
` BS

˜
pF1ω1qptq

mLptq ` pF2ω2qptq

¸
,

yptq “ p1, 0, 0qxSptq, xSp0q “ pω0
1 , φ

0

S , ω
0
2q P R

3

,
/.
/-

(2MS)
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Funnel control for elastic systems with filter and state

feedback [13]

PI-funnel
controller

9xF “ ´kF
`
xF ` pφS

˘

y “ c1pω1 ` c2 pφS
` c3pω2 ` c2xF

filter & aug. output

2MS with ‘sensors’

yref “
pc1 ` c2qω2,ref

implementation in xPC target

e

pφS 9pφS

ω1

ω2

nm

nm2

pω1 “ ω1 ` nm

pω2 “ ω2 ` nm2

y

u

´

´
W1,8

2MS P S1 ðù c1 ą 0 ^
c2

gr
ě 0 ^

c3

gr
ą ´c1 ^ kF ą 0.

For active damping: Feedback of ω1 and ω2 necessary!
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Elastic system with disturbance observer (DO) [11]

uA

kA
u

dS

cS1{Θ1 1{Θ2

ω1

ω2φSmM

mL

1{gr

1{gr

ν1ω1 ` F1ω1
ν2

ω2

gr
` F2

ω2

gr

mech. system

actuator

´

´

´´

nm

pω1

pω1 sensor1

1`s TDO

spΘ1{pkA
1`s TDO

1́ kDO

mDO

rm

observer

u‹

mDOpsq “
rmpsq

kA
´ uApsq (for pkA “ kA, pΘ1 “ Θ1, kDO “ TDO “ nm “ 0)
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Elastic system with (DO) element of class S1

Extended two-mass system with x “ pω1, φS , ω2, xF qJ

d
dt xptq “ Axptq ` b

`
u‹ptq ` uAptq

˘
` B

˜
pF1ω1qptq

mLptq ` pF2ω2qptq

¸
,

yptq “ cJxptq, xp0q “ ppx0

S
qJ, 0qJ P R

4

,
/.
/-

(3)

where A “

„
AS ‹

‹ ´ kDO

TDO


, b “

ˆ
bS
1

TDO

˙
, B “

„
BS

0, 0


and cJ “ p1, 0, 0, 0q.

Proposition (see [2])

For TDO ą 0, kDO P R, pkA ą 0 and pΘ1 ą 0, the extended two-mass system (3)

is element of system class S1.

Proof by checking system properties (i)–(iv) of system class S1.
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Implementation: Funnel control with (DO)

funnel
controller

disturbance
observer

2MS with ‘sensors’

yref “
grω2,ref

implementation in xPC target

e

ω1

ω2

nm
pω1 “ ω1 ` nm

uu‹

mDO

´
W1,8

Disturbance observer design

kDO “ 0 ^ TDO “ 0.03 rss

ˆ
1

TDO

“ 33.3 rHzs ą f0 “ 9.7 rHzs

˙

christoph.hackl@tum.de Non-identifier based adaptive control in mechatronics: An overview 25/04/2014, Page 45/54



Munich School of Engineering Technische Universität München

Measur. results: (FC1)+(PI), (FC1)+(DO)
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Meas. res. (zoom): (FC1)+(PI), (FC1)+(DO)
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Funnel control for wind turbine systems [4]

vW

rTωT “ rT
ωG

gr

ωT “ ωG

gr
rT

Operation regimes

vcut´in vcut´outvN

PN

I II III IV

vW
“
m

s

‰
P
T

rW
s

Simple turbine model

d
dt
ωG “

1

Θ

ˆ
mT pvW , β, ωGq

gr
`mM,ref

˙

with Θ :“ ΘG ` ΘT {g2r
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Power coefficient, turbine torque and goal

0 2 4 6 8 10 12 14 16 18 20

0.1

0.2

0.3

0.4

0.5

0.6

λ

cP,1p¨q

cP,1pλ‹q

λ‹

PT “ cP pvW , β, ωGq
1

2
̺r2Tπv

3

Wloooomoooon
:“PW

ùñ mT pvW , β, ωGq “
grcP pvW , β, ωGqPW

ωG

Goal for regime II: Maximum power point tracking for fixed β “ β0 ě 0, i.e.

λ “ rTωG

grvW
Ñ λ‹ (or ωG Ñ ω‹

G) for all λ P pλmin, λmaxq and vcut´in ď vW ă vN
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Nonlinear controller design

1

« 1

´

ωG,ref

Controller

?
mM,ref

1
3

2
pψPM

3

2
pψPM

i
q
s,ref

Ters,iqs
mG ωG

mT pvW ,β,ωGq
gr

iqs
`

1

Θ

‚ Standard controller [15]:

mG,refptq “ ´k‹
PωGptq2 with k‹

P “
1

2
̺r2Tπ

cP pβ, λ‹q

pλ‹q3
(WTC)

‚ Funnel controller:

mG,refptq “ ´
ςptq

ψptq ´ |eptq|loooooomoooooon
“:kptq

ωG,refptq ´ ωGptqlooooooooomooooooooon
“:eptq

with ωG,refptq “
grλ

‹

rT
vW ptq

(FCWT
1 )
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Simulation results: (FCWT
1 ), (WTC)
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Simulation results: (FCWT
1 ), (WTC)
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Conclusion

To take home

‚ funnel control applicable for speed and position control of

˝ rigid systems

˝ elastic systems (active damping by disturbance observer)

˝ rigid-link revolute-joint robotic manipulators (if inertia matrix is roughly

known)

˝ wind turbine systems is feasible (if rotor radius, optimal tip speed ratio,

gear ratio and wind measurements are available)

‚ only structural properties must be checked (robustness)

‚ no system identification or parameter estimation necessary (mainly)

‚ time-varying gains (also decrease possible)

‚ ‘tracking with prescribed transient accuracy’

‚ steady state accuracy in conjunction with internal model (e.g. PI)

‚ funnel control in presence of actuator saturation is feasible

(conservative feasibility condition must be satisfied)

‚ PI-funnel control with Anti-windup feasible (wind-up effect removed)
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