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Problem: Speed control of a two-mass system (2MS)

drive (mM )load (mL)

cS , dS

Θ2, ω2 Θ1, ω1

‚ reference tracking ω2 Ñ ω2,ref (or ω1 Ñ ω1,ref )

‚ active damping of natural frequency

ω0 “

d
cSpΘ1 ` Θ2q

Θ1Θ2

« 61 rrad{ss ùñ f0 « 9.7 rHzs

‚ ω1 as feedback signal only
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Two-mass system model
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ν1ω1 ` F1ω1
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mech. system

actuator

´
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nmpω1
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d
dt xSptq “ ASxSptq ` bS

`
uptq ` uAptq

˘
` BS

˜
pF1ω1qptq

mLptq ` pF2ω2qptq

¸
,

yptq “ p1, 0, 0qxSptq, xSp0q “ pω0
1 , φ

0

S , ω
0
2q P R
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,
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(2MS)
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Funnel control [Ilchmann et al., 2002]

ep0q

ψp0q

´ψp0q

eptq

ψptq

´λ
t

Funnel

Time t rss

‚ Tracking with prescribed transient accuracy by design of ψp¨q, i.e.

@ t ě 0: |eptq| “ |yrefptq ´ yptq| ă ψptq

‚ Controller

uptq “
1

ψptq ´ |eptq|loooooomoooooon
“:kptq

eptq
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Admissible system class S (simplified)

System

9xptq “Axptq ` b
`
uptq ` udptq

˘
` BT

´
dptq ` pTxqptq

¯

yptq “ cJxptq,

+
(1)

satisfying

(i) γ0 :“ cJb ‰ 0 and signpγ0q known;

(ii) @ s P C with ℜpsq ě 0: det

„
sIn ´ A b

c
J

0


‰ 0;

(iii) operator T is of class T (see Def. 1 in Ilchmann et al. [2002]) and

MT :“ sup t‖pTξqptq‖ | t ě 0, ξp¨q P Cpr´h,8q,Rnquă8;

(iv) udp¨q P L8pr´h,8q;Rq and dp¨q P L8pr´h,8q;Rmq.
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Funnel control for 2MS [Ilchmann and Schuster, 2009]

PI-funnel
controller

9xF “ ´kF
`
xF ` pφS

˘

y “ c1pω1 ` c2 pφS

` c3pω2 ` c2xF

filter & aug. output

2MS with ‘sensors’

yref “
pc1 ` c2qω2,ref

implementation in xPC target

e

pφS 9pφS

ω1

ω2

nm

nm2

pω1 “ ω1 ` nm

pω2 “ ω2 ` nm2

y

u

´

´
W1,8

2MS P S ðù c1 ą 0 ^
c2

gr
ě 0 ^

c3

gr
ą ´c1 ^ kF ą 0.

For active damping: Feedback of ω1 and ω2 necessary!
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2MS with disturbance observer (DO) [Hori et al., 1999]
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1{gr

1{gr

ν1ω1 ` F1ω1
ν2

ω2

gr
` F2

ω2
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mech. system

actuator

´

´

´´

nm

pω1

pω1 sensor1

1`s TDO

spΘ1{pkA

1`s TDO

1́ kDO

mDO

rm

observer

u‹

mDOpsq “
rmpsq

kA
´ uApsq (for pkA “ kA, pΘ1 “ Θ1, kDO “ TDO “ nm “ 0)
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2MS with disturbance observer element of class S

Extended two-mass system with x “ pω1, φS , ω2, xF qJ

d
dt xptq “ Axptq ` b

`
u‹ptq ` uAptq

˘
` B

˜
pF1ω1qptq

mLptq ` pF2ω2qptq

¸
,

yptq “ cJxptq, xp0q “ ppx0

S
qJ, 0qJ P R

4

,
/.
/-

(2)

where A “

„
AS ‹

‹ ´ kDO

TDO


, b “

ˆ
bS
1

TDO

˙
, B “

„
BS

0, 0


and cJ “ p1, 0, 0, 0q.

Proposition

For TDO ą 0, kDO P R, pkA ą 0 and pΘ1 ą 0, the extended two-mass system (2)

is element of system class S.

Proof by checking system properties (i)–(iv) of system class S.
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Implementation

funnel
controller

disturbance
observer

2MS with ‘sensors’

yref “
grω2,ref

implementation in xPC target

e

ω1

ω2

nm
pω1 “ ω1 ` nm

uu‹

mDO

´
W1,8

Disturbance observer design

kDO “ 0 ^ TDO “ 0.03 rss

ˆ
1

TDO

“ 33.3 rHzs ą f0 “ 9.7 rHzs

˙
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Measurement results: PI+FC, FC+DO
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Meas. results (zoom): PI+FC, FC+DO
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Conclusions and future work

To take home:

‚ Funnel control with disturbance observer admissible for 2MS

(mathematical and experimental validation)

‚ Active damping of oscillations

‚ Tracking with prescribed transient accuracy (on motor side)

Open questions:

‚ ... impact of actuator saturation?

‚ ... prescribed accuracy also for load side?

‚ ... other (disturbance) observer designs admissible and beneficial?
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