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Reference tracking under load (CNC turning machine)
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ω

(http://www.knuth.de)

‚ Problem statement
˝ reference pωref , xref , yrefq : Rě0 Ñ R

3

˝ precise position and speed control, e.g. for prescribed λ ą 0

@ t ě t0 : |eptq| “ |yrefptq ´ yptq| ď λ.

‚ Challenges
˝ nonlinear effects (e.g. actuator saturation, friction)

˝ friction and loads (disturbances) unknown and varying

˝ uncertain system parameters
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Standard solution (one axis)
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‚ heuristic or empirical controller design ñ ‘trial-and-error’

‚ model-based controller design ñ system identification

‚ general challenge ñ desired tracking accuracy not included in design
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@ t ě t0 : |eptq| “ |yrefptq ´ yptq| ď λ ?
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Speed funnel control (relative-degree-one case)

ep¨q

ep0q ψ0p¨q

ψ0p0q

´ψ0p0q

eptq

ψ0ptq

´λ0
t time t rss

funnel

‚ control objective: ‘prescribed transient accuracy’ via funnel boundary design

@ t ě 0: |eptq| “ |ωrefptq ´ ωptq| ă ψ0ptq

‚ “adaptive” proportional controller (see [1] and [2]):

uptq “ k0ptq eptq (FC1)

where k0ptq “
1

ψ0ptq ´ |eptq|
.
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Position funnel control (relative-degree-two case)

ep¨q

ep0q ψ0p¨q

ψ0p0q

´ψ0p0q

eptq

ψ0ptq

´λ0 9ep¨q

9ep0q

ψ1p¨q

ψ1p0q

´ψ1p0q

9eptq

ψ1ptq

λ1

tt time t rss

funnel

‚ control objective: ‘prescribed transient accuracy’ via funnel boundary design

@ t ě 0: |eptq| “ |yrefptq ´ yptq| ă ψ0ptq and | 9eptq| ă ψ1ptq

‚ “adaptive” proportional-derivative controller (see [3] and [4]):

uptq “ k0ptq2 eptqloooomoooon
P-part

` k0ptqk1ptq 9eptqlooooooomooooooon
D-part

(FC2)

where k0ptq “
1

ψ0ptq ´ |eptq|
and k1ptq “

1

ψ1ptq ´ | 9eptq|
.
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Why funnel control for motion control problems?

‚ simple

‚ prescribed tracking accuracy

‚ high gains reduce/eliminate ‘stick-slip’

‚ robust: “structural” system properties sufficient (system classes S1 or S2)

˝ known relative degree (pole excess): r “ 1 or r “ 2

˝ positive high-frequency gain (or known sign)

˝ minimum-phase (all zeros in left complex half-plane)

˝ for r “ 2: derivative feedback available (ùñ PD controller)

Example (LTI SISO system in frequency domain)

F psq “
ypsq

upsq
“ γ0

Npsq

Dpsq
“ 5

s` 1

s2ps` 2q

‚ degpDq ´ degpNq “ 3 ´ 1 (pole excess) ùñ r “ 2

‚ γ0 “ 5 ą 0 ùñ positive high-frequency gain

‚ Npsq “ s ` 1 ùñ zero: z1 “ ´1 ùñ minimum-phase

‚ measured signals: yp¨q and 9yp¨q ùñ F psq P S2
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Funnel control and steady state accuracy

‚ limtÑ8 eptq “ 0 not guaranteed (since ψ0ptq ě λ0 ą 0 for all t ě 0)

‚ PI controller
vpsq “ 1 `

kI

sloomoon
“:FPIpsq

“
s` kI

s
upsq, kI ą 0 (PI)

‚ (PI) does not change system affiliation!

Example (PI in series to LTI SISO system)

pF psq “
ypsq

vpsq
“ pγ0

pNpsq

pDpsq
“ FPIpsqF psq “ 5

s` kI

s

s` 1

s2ps` 2q

‚ degp pDq ´ degp pNq “ 4 ´ 2 (pole excess) ùñ pr “ 2

‚ xγ0 “ 5 ą 0 ùñ positive high-frequency gain

‚ pNpsq “ ps ` 1qps ` kIq ùñ zeros: z1 “ ´1 and z2 “ ´kI ùñ minimum-phase

‚ measured signals: yp¨q and 9yp¨q ùñ pF psq P S2
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Laboratory setup: Stiffly coupled system

drive: u “ mM load: mL

x “ pφ, ωq

Θhkkkkkkkkkkkkkkkkkkikkkkkkkkkkkkkkkkkkj
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Speed control implementation

speed
controller

laboratory setup with ‘sensor’implementation in xPC target

e

9nm

ω

ωm “ ω ` 9nm

yref “ ωref mM

´
C

‚ Standard PI controller

mM ptq “ kP eptq ` kI

ż t

0

epτqdτ

‚ PI-funnel controller

mM ptq “ k0ptq eptq ` kI

ż t

0

k0pτqepτqdτ where k0ptq “
1

ψ0ptq ´ |eptq|
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Speed control measurement results

Set-point tracking
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Position control implementation

position
controller

laboratory setup with ‘sensor(s)’implementation in xPC target

e

9e

nm

9nm

φ

ω

y “ φ` nm

9y “ ω ` 9nm

yref “ φref

9yref “ ωref

mM

´

´C1

‚ Standard PID controller (with feedforward)

mM ptq “ kP eptq ` kI

ż t

0

epτqdτ ` kD 9eptq ` uF ptq

‚ PID-funnel controller

mM ptq “ k0ptq2eptq ` k0ptqk1ptq 9eptq ` kI

ż t

0

k0pτq2epτq ` k1pτqk0pτq 9epτqdτ

where k0ptq “ 1

ψ0ptq´|eptq| and k1ptq “ 1

ψ1ptq´| 9eptq|
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Position control measurement results

Set-point tracking
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