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Model-predictive control: Problem statement

= Optimality with respect to performance index
J=> w;, neN Vie{l,...n}: Jyw >0 (COST)
=1

= but not necessarily “optimal” with respect to some J;
o How to choose weighting factors w1, ..., w,?
o What is optimal for the human operator (“human performance index”)?
o Does (COST) reflect the “human performance index” adequately?
= Intuition: “Increase w; to “optimize” sub-cost J;”
~~ We will see: This does not hold in general!
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Model-predictive control: Considered system

Linear time-invariant (discrete) system

z[k+1] = Ax[k]+bulk], x[0] ==z¢eR" }

ylk] = cTa[k] (5YS)

Standard assumption [1, p. 48] on system (SYS):

(A;) controllability, i.e. det[b, Ab, ..., A" 'b] # 0.
(Ag) full state feedback, i.e. z[k] is available for all .

T

c

(A3) observability, i.e. det [ oA

T an—1

] # 0 (observer design).

(A3) model-based prediction, i.e. A, b and ¢ are known.
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Model-predictive control: Problem & Solution
Problem: Find
W[k + 1] = (ualk + 1], ., wa[k +np —1]) e R (1)
to
min Jo (k, u, @,v) = min (g(k,u,@) v + JoT H(k,u,z)v),

where V(k,u,x) € Ng x R x R™: (2)
(i) 0 < H(k,u,z) =H(k,u, w)T e Rnp—1)x(np—1)

(i) H(k,u,z)"tg(k,u,x) = 0,, < g(k,u,x) = 0,,_1.

Solution: (analytical, unique and globally optimal)

Uk +1] = argqr}nin Jo(k,u, z,v) = —H (k,ulk],z[k]) ' g(k,u[k],z[k]). (3)
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Example: System model

Continuous time block diagram
v T

u_> :1'3:.1}2 i$2=i71 i:L'lzg
Discrete system model
1 Ty 0 0
zlk+1]=|0 1 Ts |x[k]+ | 0 |ulk],
T T
0o 0 =% )
::A;(]R3><3 =:beR3 (4)
ylkl=(1 0 0)x[k], =[0]=zoeR?,
————
—:cTeR1x3
.
= controllable and observable, since det[b, Ab, A%b] # det [ T A
= full state feedback, i.e. z[k] is available for all .
= A, band c are known.
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Example: Tracking problem
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Performance index
J(k,u[k], 2[k], u.[k + 1]) = e[k + 1] "W e[k + 1] + w.[k + 1] T Wou,[k + 1]

=01 (k,ulk] 2 [k] e [k+1]) =y (ws [E+1])

(%)
where W1 > 0, Wo > 0and e[k + 1] = y,¢[k + 1] — y[k + 1].
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Example: Re-Formulation as standard MPC
Note that

Wi=20 and Way >0
imply (see Section II.E in paper)
J(k,ul[k], z[k], us[k + 1]) = f(k 5

+ gk, ulk], x[k]) Tw.[k + 1] + %u*[k +1]"Hu,[k +1] (6)

~

=:Jo(k,u[k],z[k],us[k+1])

where | H := 2(G'W G + W5) > 0 | with

c'b 0 0

G- c' Ab ) I e RP—1)x(np—1)
: : .0
c"A"P72p cTA"P3p ... (b
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Example: Human performance index

Integral time square error (ITSE) criterion

tend tend/ Ts

TSE(e()) i= [ retrdr ~ 3 kT3elkp
0 k=0
r S af
g =
-~ \/‘ 0 T Il Il Il ]
©o 20 > i
0 = 2| P e
0 -2 = I E— I |
s 0 1 2 3 4 5 6
wo 1010 wy time ¢ [s]

= o bad weighting factor design
= o good weighting factor design
= —> How to achieve a good design?
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Example: Scaled performance index (see [1, Sec. 6])

=:J1
_ ek + TWielk +1]  w.lk + 1T Woul[k + 1]
J = 7 + 7
J1,max J2,max

with W, = diag{@l,. .. ,wl} > 07 Wy = diag{EQ, - ,@2} >0

A = 4r s
T o4t = 5l /\
= 2f < 1If
=< = 0
4 |
0 T 2 — PeESN
R e e
-2k b b b = t
0,4 0 1 2 3 4 5 6
w 1 02 7 - G
Wo ime ¢t [s]

= o bad / e good weighting factor design
= = Intuition holds again: “Increase w, to “optimize” sub-cost J;!”
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Example: Time-varying weighting matrix (similar to [2])

J(k,ulk], z[k], ue[k + 1]) =
::J1%ITSE(Q('))\[k,A.A,kfnP]ZS,(CICTZ,"P)TS Te(T)2dr
e[k + 1]"W [Ek|e[k + 1] [k + 1] Wou, [k + 1]

with W[k] = @, T2 diag{k, ...k +np} = 0, Wy = diag{wa, ..., wa} > 0

20

y(t), yret(t)

te(t)2dt

10

Iy

uft)

10

5

wa

5

10015 y00
T2

= @ bad / ® good weighting factor design
= — [ntuition holds again: “Increase w; to “optimize” sub-cost J;!”
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