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Model-predictive control: Problem statement

‚ Optimality with respect to performance index

J “
nÿ

i“1

wiJi, n P N, @i P t1, . . . , nu : Ji, wi ě 0. (COST)

‚ but not necessarily “optimal” with respect to some Ji

˝ How to choose weighting factors w1, . . . , wn?

˝ What is optimal for the human operator (“human performance index”)?

˝ Does (COST) reflect the “human performance index” adequately?

‚ Intuition: “Increase wi to “optimize” sub-cost Ji”

 We will see: This does not hold in general!
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Model-predictive control: Considered system

Linear time-invariant (discrete) system

xrk ` 1s “ Axrks ` burks, xr0s “ x0 P R
n

yrks “ cJxrks

*
(SYS)

Standard assumption [1, p. 48] on system (SYS):

(A1) controllability, i.e. detrb,Ab, . . . ,An´1bs ‰ 0.

(A2) full state feedback, i.e. xrks is available for all k.

(A‹
2) observability, i.e. det

»
–

c
J

c
J

A

.

.

.

c
J

A
n´1

fi
fl ‰ 0 (observer design).

(A3) model-based prediction, i.e. A, b and c are known.
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Model-predictive control: Problem & Solution

Problem: Find

u‹rk ` 1s :“
`
u‹rk ` 1s, . . . , u‹rk ` nP ´ 1s

˘J
P R

nP ´1, (1)

to

min
v

J0
`
k, u,x,v

˘
“ min

v

´
g

`
k, u,x

˘J
v ` 1

2
vJH

`
k, u,x

˘
v

¯
,

where @pk, u,xq P N0 ˆ R ˆ R
n :

(i) 0 ă Hpk, u,xq “ Hpk, u,xqJ P R
pnP ´1qˆpnP ´1q

(ii) Hpk, u,xq´1gpk, u,xq “ 0nP
ô gpk, u,xq “ 0nP ´1.

,
//////.
//////-

(2)

Solution: (analytical, unique and globally optimal)

u‹rk ` 1s “ argmin
v

J0
`
k, u,x,v

˘
“ ´Hpk, urks,xrksq´1gpk, urks,xrksq. (3)
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Example: System model

Continuous time block diagram

Discrete system model

xrk ` 1s “

»
–
1 TS 0

0 1 TS

0 0 1 ´ TS

T

fi
fl

looooooooooomooooooooooon
“:APR3ˆ3

xrks `

¨
˝

0

0
γTS

T

˛
‚

loomoon
“:bPR3

urks,

yrks “
`
1 0 0

˘
loooomoooon
“:cJPR1ˆ3

xrks, xr0s “ x0 P R
3,

,
/////////.
/////////-

(4)

‚ controllable and observable, since detrb,Ab,A2bs ‰ det

„
c

J

c
J

A

c
J

A
2


‰ 0.

‚ full state feedback, i.e. xrks is available for all k.

‚ A, b and c are known.
17/10/2013 “Is multiple-objective model-predictive control “optimal”?”, C. Hackl 6/12



Technische Universität München

Example: Tracking problem

0 2 4 6
0

1

2

3

4

t [s]

y
re

fp
tq

Performance index

Jpk, urks,xrks,u‹rk ` 1sq “ perk ` 1sJW 1perk ` 1slooooooooooooomooooooooooooon
“:J1pk,urks,xrks,u‹rk`1sq

`u‹rk ` 1sJW 2u‹rk ` 1slooooooooooooooomooooooooooooooon
“:J2pu‹rk`1sq

(5)

where W 1 ě 0, W 2 ą 0 and perk ` 1s “ yref rk ` 1s ´ pyrk ` 1s.
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Example: Re-Formulation as standard MPC

Note that

W 1 ě 0 and W 2 ą 0

imply (see Section II.E in paper)

Jpk, urks,xrks,u‹rk ` 1sq “
✭
✭
✭
✭

✭
✭
✭

fpk, urks,xrksq

` gpk, urks,xrksqJu‹rk ` 1s `
1

2
u‹rk ` 1sJHu‹rk ` 1s

loooooooooooooooooooooooooooooooooooomoooooooooooooooooooooooooooooooooooon
“:J0pk,urks,xrks,u‹rk`1sq

(6)

where H :“ 2
`
GJW 1G ` W 2

˘
ą 0 with

G :“

»
—–

c
J
b 0 ¨ ¨ ¨ 0

c
J
Ab c

J
b

. . .
...

...
...

. . . 0

c
J
A

nP ´2
b c

J
A

nP ´3
b ¨ ¨ ¨ c

J
b

fi
ffiflP R

pnP ´1qˆpnP ´1q.
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Example: Human performance index

Integral time square error (ITSE) criterion

ITSEpep¨qq :“

ż tend

0

τepτq2 dτ «

tend{TSÿ

k“0

kT 2

Serks2

0246810
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‚ bad weighting factor design

‚ good weighting factor design

‚ ùñ How to achieve a good design?
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Example: Scaled performance index (see [1, Sec. 6])

J :“

“:J1hkkkkkkkkkkkkkikkkkkkkkkkkkkj
perk ` 1sJW 1perk ` 1s

J1,max

`
u‹rk ` 1sJW 2u‹rk ` 1s

J2,max

with W 1 “ diagtw1, . . . , w1u ą 0, W 2 “ diagtw2, . . . , w2u ą 0
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‚ bad / good weighting factor design

‚ ùñ Intuition holds again: “Increase w1 to “optimize” sub-cost J1!”
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Example: Time-varying weighting matrix (similar to [2])

Jpk, urks,xrks,u‹rk ` 1sq “

“:J1«ITSEppep¨qq|rk,...,k´nP s“
şpk`nP qTS
kTS

τepτq2 dτhkkkkkkkkkkkkkkkikkkkkkkkkkkkkkkj
perk ` 1sJW 1rksperk ` 1s `u‹rk ` 1sJW 2u‹rk ` 1s

with W 1rks “ rw1T
2

S diagtk, . . . k ` nP u ě 0, W 2 “ diagtw2, . . . , w2u ą 0
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‚ bad / good weighting factor design

‚ ùñ Intuition holds again: “Increase w̃1 to “optimize” sub-cost J1!”
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