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Reference tracking under load (CNC turning machine)

y x

ω

(http://www.knuth.de)

‚ Problem statement
˝ reference pωref , xref , yrefq : Rě0 Ñ R

3

˝ precise position and speed control, e.g. for prescribed λ ą 0

@ t ě t0 : |eptq| “ |yrefptq ´ yptq| ď λ.

‚ Challenges
˝ nonlinear effects (e.g. actuator saturation, friction)

˝ friction and loads (disturbances) unknown and varying

˝ system parameters (solely) roughly known
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High-gain control - an intuition

y
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kD

´́

systemcontroller

F2psq “ ps`5q
ps´1q2ps`1q´k py ` kD 9yq

‘structural properties’ of F2psq

‚ relative degree (pole excess):

r “ 2

‚ positive high-frequency gain

(limsÑ8 s2F1psq “ 1)

‚ minimum-phase

(numerator is Hurwitz)

Root-locus (ˆ poles, ˝ zeros)
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Control objective and funnel controller (r “ 1)

‚ objective: ‘tracking with prescribed transient accuracy’ of reference yrefp¨q

ep¨q

ep0q ψ0p¨q

ψ0p0q

´ψ0p0q

eptq

ψ0ptq

´λ0
t time t rss

funnel

where

eptq “ yrefptq ´ yptq,
yrefp¨q P CpRě0;Rq,
ψ0p¨q P CpRě0; rλ0,8qq
with λ0 ą 0

‚ funnel controller:

uptq “ k0ptqeptq where k0ptq “
s0ptq

ψ0ptq ´ |eptq|
(FC1)

‚ with gain scaling s0p¨q P CpRě0;Rą0q
(e.g. to fix minimal gain: k0ptq ě s0ptq{ψ0ptq for all t ě 0)
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Control objective and funnel controller (r “ 2)

‚ objective: ‘tracking with prescribed transient accuracy’ of yrefp¨q and 9yrefp¨q

ep¨q

ep0q ψ0p¨q

ψ0p0q

´ψ0p0q

eptq

ψ0ptq

´λ0 9ep¨q

9ep0q

ψ1p¨q

ψ1p0q

´ψ1p0q

9eptq

ψ1ptq ě ´ d
dt ψ0ptq ` δ

λ1

tt time t rss

funnel

‚ funnel controller (with derivative feedback)

uptq “ k0ptq2
ˆ

eptq `
k1ptq

k0ptq
9eptq

˙

, eptq “ yrefptq ´ yptq (FC2)

‚ where k0ptq “
s0ptq

ψ0ptq ´ |eptq|
and k1ptq “

s1ptq

ψ1ptq ´ | 9eptq|
‚ scaling functions sip¨q P CpRě0;Rą0q, i “ 0, 1
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Funnel control and steady-state accuracy

‚ asymptotic accuracy (i.e. limtÑ8 eptq “ 0), cannot be guaranteed,

since ψ0ptq ě λ0 ą 0 for all t ě 0

‚ typical solution: use of internal model (IM) to achieve asymptotic tracking

e v u y

extended system

(FC1) or (FC2) (IM) system

‚ if (IM) has
˝ relative degree zero

˝ positive high-frequency gain

˝ and is minimum-phase

then extended system has identical ‘structural properties’ as system

‚ standard internal model in industry (for constant signals):

PI controller

vptq “ uptq ` kI

ż t

0

upτqdτ ❝ s vpsq “
s` kI

s
upsq, kI ą 0 (PI)
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Stiffly coupled servo-systems

drive (mM ) load (mL)Θ
hkkkkkkkkkikkkkkkkkkj

‚ drive torque mM p¨q P CpRě0;Rq rNms (control input)

‚ load torque mLp¨q P L8pRě0;Rq rNms (disturbance)

‚ inertia Θ ą 0
“

kgm2
‰

‚ state x “ pφ, ωqJ: position φ rrads, speed ω rrad{ss

‚ friction (on drive & load side)

‚ gear with ratio gr P Rzt0u r1s (neglecting dynamics & backlash)

‚ signals available for feedback: position φ and/or speed ω “ 9φ

(deteriorated by nmp¨q and/or 9nmp¨q, resp.)
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Speed control implementation

speed
controller

laboratory setup with ‘sensor’implementation in xPC target

e

9nm

ω

ωm “ ω ` 9nm

yref “ ωref mM

´
W1,8

‚ Standard PI controller

mM ptq “ kP eptq ` kI

ż t

0

epτqdτ

‚ PI-funnel controller

mM ptq “ k0ptq eptq ` kI

ż t

0

k0pτqepτqdτ where k0ptq “
s0ptq

ψ0ptq ´ |eptq|
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Speed control measurement results

Set-point tracking
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Position control implementation

position
controller

laboratory setup with ‘sensor(s)’implementation in xPC target

e

9e

nm

9nm

φ

ω

y “ φ` nm

9y “ ω ` 9nm

yref “ φref

9yref “ ωref

mM

´

´C1

‚ Standard PID controller (with feedforward)

mM ptq “ kP eptq ` kI

ż t

0

epτqdτ ` kD 9eptq ` uF ptq

‚ PID-funnel controller

mM ptq “ k0ptq2
ˆ

eptq `
k1ptq

k0ptq
9eptq

˙

` kI

ż t

0

k0pτq2
ˆ

epτq `
k1pτq

k0pτq
9epτq

˙

dτ

where kiptq “ siptq
ψiptq´|epiqptq|

for i “ 0, 1.
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Position control measurement results

Set-point tracking
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Conclusion

To take home

‚ funnel control applicable for speed and position control

‚ only structural properties must be checked (robustness)

‚ no system identification or parameter estimation necessary

‚ time-varying gains (also decrease possible)

‚ ‘tracking with prescribed transient accuracy’

‚ steady state accuracy in conjunction with PI controller

Some more results (not presented)

‚ funnel control is also applicable for speed and position control of

elastically coupled servo-systems (two-mass systems)

‚ position funnel control of rigid revolute joint robotic manipulators is

feasible (if inertia matrix is roughly known)

‚ funnel control in presence of actuator saturation is feasible

(conservative feasibility condition must be satisfied)
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