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Problem statement Tracking problem

Reference tracking under load (CNC turning machine)

y x

Ω

(http://www.knuth.de)

Problem statement
reference (Ωref , xref , yref) : R≥0 → R

3

precise position and speed control, e.g. for prescribed λ > 0

∀ t ≥ t0 : |e(t)| = |yref(t)− y(t)| ≤ λ.

Challenges
nonlinear effects (e.g. actuator saturation, friction)
friction and loads (disturbances) unknown and varying
system parameters (solely) roughly known
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Position funnel control Funnel control for relative-degree-two systems (SISO)

Funnel control for relative-degree-two systems (SISO)
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control objective: ‘prescribed transient accuracy’ via funnel boundary design

∀ t ≥ 0: |e(t)| = |yref(t)− y(t)| < ψ0(t) and |ė(t)| < ψ1(t)

adaptive PD controller (see [Hackl et al. (2010)] and [Hackl (2011)]):

u(t) = k0(t)
2 e(t)

︸ ︷︷ ︸
P-part

+ k0(t)k1(t)ė(t)︸ ︷︷ ︸
D-part

(FC)

where k0(t) =
s0(t)

ψ0(t)− |e(t)|
and k1(t) =

s1(t)

ψ1(t)− |ė(t)|
.
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Position funnel control Motivation

Why funnel control for position control problem?

prescribed control performance guaranteed

high gains reduce/eliminate ‘stick-slip’

admissible system class S2 (=⇒ robustness)

known relative degree r = 2
positive high-frequency gain (or known sign)
BIBO stable zero dynamics (minimum-phase)
and derivative feedback admissible (=⇒ PD controller)

Example (LTI SISO system in frequency domain)

F (s) =
y(s)

u(s)
= γ0

N(s)

D(s)
=

1

s2






γ0 6= 0,
N,D ∈ R[s] monic and coprime,
N Hurwitz ∧ deg(N) = deg(D)− 2

relative degree r = 2 (pole excess)

sign(γ0) known

minimum-phase

measured signals: y(·) and ẏ(·)
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Position funnel control Application

Position funnel control of stiff one-mass system (1MS)

test benchimplementation
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Position funnel control Experimental results

Measurements: (FC)
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Position funnel control with linear internal model Asymptotic tracking

Funnel control and steady state accuracy

limt→∞ e(t) = 0 not guaranteed (since ψ0(t) ≥ λ0 > 0 for all t ≥ 0)
PI controller (‘standard’ internal model)

ẋI(t) = u(t), xI(0) = 0
v(t) = kPu(t) + kIxI(t)

}
❝ s v(s) =

kP s+ kI
s︸ ︷︷ ︸

=:FPI (s)

u(s) (PI)

Application of (linear) internal model admissible, if
relative degree is zero
high-frequency gain is positive
it is controllable and observable (=⇒ minimum-phase)

Example (PI in series to LTI SISO system)

F̂ (s) =
y(s)

v(s)
= γ0kP︸ ︷︷ ︸

=:γ̂0

s+ kI/kP
s

N(s)

D(s)






γ0 6= 0, kP , kI > 0
N,D ∈ R[s] monic and coprime,
N Hurwitz ∧ deg(N) = deg(D)− 2

relative degree r̂ = 2 (pole excess)

sign(γ̂0)=sign(γ0) known

minimum-phase

measured signals: y(·) and ẏ(·) =⇒ F̂ (s) ∈ S2
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Position funnel control with linear internal model Asymptotic tracking

Design and combination of internal models

funnel
controller

internal model
system

of class S2

e

nm

ṅm

yyref

ė ẏẏref

v u

−

−

extended system of class S2

reference

yref(t) :=

{
y0 , 0 ≤ t < t0
y0
4
cos(2π f0(t− t0)) +

3y0
4

, t0 ≤ t ≤ tend

,
y0 ∈ R [rad]
f0 ≥ 0 [1/s]

design: (i) y0 ❝ s y0
s

=⇒ FPI(s) =
kP s+kI

s
and (ii)

cos(2π f0t) ❝ s
1

s2 + (2πf0)2
=⇒ FCOS(s) =

(s+ z0)
2

s2 + (2πf0)2
, z0, f0 > 0.

combination

FIM (s) =
u(s)

v(s)
= kP ·

s+ kI/kP
s

·
(s+ z0)

2

s2 + (2πf0)2
, kP , kI , z0, f0 > 0. (IM)
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Position funnel control with linear internal model Experimental results

Measurem.: (FC), (FC)+(PI), (FC)+(IM)
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Conclusion

Conclusion

To take home:
funnel control (with ‘derivative feedback’)

robust (only ‘structural’ assumptions)
prescribed transient accuracy guaranteed
applicable for e.g. position control problems
but: steady state error might remain

funnel control with linear internal model(s) admissible

internal model design easy using Laplace transforms of (known) reference
serial interconnection of internal models admissible
adequate internal model design improves control performance significantly
(asymptotic tracking possible)

Open questions
funnel control with linear internal model in presence of actuator saturation

integral windup effects?
anti-windup strategies applicable?

switching between internal models ?

generalization to nonlinear internal models?
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