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Motivation: High-gain control
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‘structural properties’ of F2(s)

relative degree (pole excess):

r = 2

positive high-frequency gain

(lims→∞ s2F1(s) = 1)

minimum-phase

(numerator is Hurwitz)

Root-locus (× poles, ◦ zeros)

real axis

im
ag

in
ar

y
ax

is

−20 −15 −10 −5 0 5
−15

−10

−5

0

5

10

15

kD = 0 kD = 1/4

Christoph Hackl ( ) Funnel control in mechatronics: An overview December 15, 2011 3 / 12



Funnel control (r = 2): Admissible system class

Only ‘structural system knowledge’ necessary:

relative degree two

positive (or known sign of) high-frequency gain

stable zero-dynamics (minimum-phase in the LTI case)

(derivative feedback admissible)

Example: LTI SISO system of form

d
dt x(t) = Ax(t) + bu(t), x(0) = x0 ∈ R

n

y(t) = c
⊤
x(t)

with

c
⊤
b = 0 and c

⊤
Ab 6= 0 (relative degree two)

c
⊤
Ab > 0 (positive high-frequency gain)

det

([
sIn −A b

c
⊤ 0

])

6= 0 for all s ∈ C with ℜ(s) ≥ 0 (minimum-phase)
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Funnel control (r = 2): Control objective

‘tracking with prescribed transient accuracy’ of yref(·) ∈ C1 ∩ L∞(R≥0;R)
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λ1

tt time t [s]

funnel

with tracking error e(t) = yref(t)− y(t)

funnel boundary design:
◮ ψi(·) absolutely continuous and ψi(t) ≥ λi > 0 for all t ≥ 0 and i ∈ {0, 1};
◮ |e(0)| < ψ0(0) and |ė(0)| < ψ1(0)
◮ ψ1(t) ≥ − d

dt ψ0(t) + δ for all t ≥ 0
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Funnel control (r = 2): Control law

e(·)
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ė(0)

ψ1(·)
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−ψ1(0)

ė(t)

ψ1(t) ≥ − d
dt ψ0(t) + δ

λ1

tt time t [s]

funnel

funnel controller (with derivative feedback)

u(t) = k0(t)
2

(

e(t) +
k1(t)

k0(t)
ė(t)

)

, e(t) = yref(t)− y(t)

with ‘time-varying’ gains

k0(t) =
s0(t)

ψ0(t)− |e(t)|
and k1(t) =

s1(t)

ψ1(t)− |ė(t)|

scaling functions si(·) ∈ C ∩ L∞(R≥0; [mi,∞)) where mi > 0, i ∈ {0, 1}
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Application: Stiff industrial servo-systems

drive (mM ) load (mL)Θ
︷ ︸︸ ︷

drive torque mM (·) ∈ C(R≥0;R) [Nm] (control input)

load torque mL(·) ∈ L∞(R≥0;R) [Nm] (disturbance)

inertia Θ > 0
[
kgm2

]

state x = (φ, ω)⊤: position φ [rad], speed ω [rad/s]

friction (on drive & load side)
◮ unbounded viscous friction with coefficients ν1, ν2 ≥ 0 [Nms/rad]
◮ bounded dynamic friction F1,F2 : C(R≥0;R) → L∞(R≥0;R) [Nm]

gear with ratio gr ∈ R \ {0} [1] (neglecting dynamics & backlash)

signals available for feedback: position φ and speed ω = φ̇
(deteriorated by nm(·) ∈ W2,∞(R≥0;R) & ṅm(·), resp.)
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Application: Model of stiff industrial servo-systems

LTI SISO system with input disturbance and nonlinear perturbation

d
dt

=:x(t)
︷ ︸︸ ︷
(
φ(t)
ω(t)

)

=

=:A
︷ ︸︸ ︷
[

0 1

0 −
ν1+ν2/g

2

r

Θ

](
φ(t)
ω(t)

)

+

=:b
︷ ︸︸ ︷
(
0
1
Θ

)
(

=:u(t)
︷ ︸︸ ︷

mM (t)−(F1ω)(t)
)

−

(
0
1
grΘ

)
(
mL(t) + (F2

ω
gr
)(t)

)

y(t) =
(
1 0

)

︸ ︷︷ ︸

=:c⊤

x(t), (φ(0), ω(0))⊤ = (φ0, ω0)⊤

‘Structural properties’ of model:

c
⊤
b = 0 and c

⊤
Ab = 1/Θ > 0

⇒ relative degree two and positive high-frequency gain

det
([

sIn − A b

c
⊤

0

])
6= 0 for all s ∈ C with ℜ(s) ≥ 0 (unperturbed system is

minimum-phase)

and mL(·) ∈ L∞(R≥0;R), F1,F2 : C(R≥0;R) → L∞(R≥0;R) (bounded

disturbance & perturbations)

⇒ stable zero-dynamics
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Application: Position control implementation

funnel
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Application: Position control measurement results

Position error
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Conclusion

funnel control applicable for position control

for application only structural proporties must be checked

system identification or parameter estimation is not required

‘time-varying’ gains (not monotone)

‘tracking with prescribed transient accuracy’ independent of system

parameters (robustness)

Some more results (not presented)

funnel control applicable for speed control

steady state accuracy is feasible in conjunction with PI-like extension

funnel control is also applicable for speed and position control of elastic

servo-systems (two mass-systems)

position funnel control of rigid revolute joint robotic manipulators is

feasible (if inertia matrix is known)

funnel control in presence of actuator saturation is feasible (conservative

feasibility condition must be satisfied)
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